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Problems of Kinematic Methods

• Interaction with the environment

2



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Physics-based Character Animation

3[ControlVAE – Yao et al. 2022]
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Physics-based Character Animation

4[ControlVAE – Yao et al. 2022]
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Outline

• Simulation Basis
• Numerical Integration: Euler methods

• Equations of Rigid Bodies
• Rigid Body Kinematics 

• Newton-Euler equations

• Articulated Rigid Bodies
• Joints and constraints

• Contact Models
• Penalty-based contact

• Constraint-based contact

https://www.cs.cmu.edu/~baraff/sigcourse/
5
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Dynamics of a Particle

6

𝑚

𝑥, 𝑣

𝑓
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Dynamics of a Particle

7

𝑚

𝑥 𝑡 = 0
𝑣 𝑡 = 0

𝑓

𝑥 𝑡 = 10 = ?
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Dynamics of a Particle

8

𝑚
𝑓

𝑓 = 𝑚𝑎

𝑥 𝑡 , 𝑣 𝑡
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Dynamics of a Particle

9

𝑚
𝑓

𝑓 = 𝑚𝑎

𝑎 = ሶ𝑣

𝑣 = ሶ𝑥

𝑥 𝑡 , 𝑣 𝑡
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Dynamics of a Particle

10

𝑚
𝑓

𝑓 = 𝑚𝑎

𝑎 = ሶ𝑣

𝑣 = ሶ𝑥

𝑎 = Τ𝑓 𝑚

𝑣 = 𝑣0 + 𝑡0
𝑡
𝑎𝑑𝑡

𝑥 = 𝑥0 + 𝑡0
𝑡
𝑣𝑑𝑡

𝑥 𝑡 , 𝑣 𝑡
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Dynamics of a Particle

11

𝑚
𝑓

𝑓 = 𝑚𝑎

𝑎 = ሶ𝑣

𝑣 = ሶ𝑥

𝑎 = Τ𝑓 𝑚

𝑣 = 𝑣0 + 𝑎𝑡

𝑥 = 𝑥0 + 𝑣0𝑡 +
1

2
𝑎𝑡2

𝑥 𝑡 , 𝑣 𝑡
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Dynamics of a Particle

12

𝑚
𝑓

𝑓 = 𝑚𝑎

𝑎 = ሶ𝑣

𝑣 = ሶ𝑥

𝑎 = Τ𝑓 𝑚

𝑣 = 𝑣0 + 𝑎𝑡

𝑥 = 𝑥0 + 𝑣0𝑡 +
1

2
𝑎𝑡2

𝑥 𝑡 , 𝑣 𝑡 𝑥 𝑡 = 10

= 𝑥0 + 10𝑣0 + 50
𝑓

𝑚
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Dynamics of a Particle

13

𝑚
𝑓

𝑓 = 𝑚𝑎

𝑎 = ሶ𝑣

𝑣 = ሶ𝑥

𝑎 = Τ𝑓 𝑥, 𝑣, 𝑡 𝑚

𝑣 = 𝑣0 + 𝑡0
𝑡
𝑎𝑑𝑡

𝑥 = 𝑥0 + 𝑡0
𝑡
𝑣𝑑𝑡

𝑥 𝑡 , 𝑣 𝑡
𝑥 𝑡 = 10 = ?
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Temporal Discretization

14

𝑥 = 𝑥 𝑡

𝑥𝑛 = 𝑥 𝑡𝑛

Simulation time step

𝑡𝑛 = 𝑛ℎ
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Temporal Discretization

15

𝑎 = Τ𝑓 𝑥, 𝑣, 𝑡 𝑚

𝑣 = 𝑣0 + 𝑡0
𝑡
𝑎𝑑𝑡

𝑥 = 𝑥0 + 𝑡0
𝑡
𝑣𝑑𝑡

𝑎 = Τ𝑓 𝑥, 𝑣, 𝑡 𝑚

𝑣𝑛+1 = 𝑣𝑛 + 𝑡𝑛
𝑡𝑛+1 𝑎𝑑𝑡

𝑥𝑛+1 = 𝑥𝑛 + 𝑡𝑛
𝑡𝑛+1 v𝑑𝑡
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Numerical Integration

16

𝑡

ሶ𝑥

𝑥

𝑥𝑛+1 = 𝑥𝑛 +න
𝑡𝑛

𝑡𝑛+1

ሶ𝑥𝑑𝑡

𝑡0 𝑡1 𝑡2 𝑡3 𝑡4 𝑡5 𝑡6 𝑡7 𝑡8 𝑡9
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Numerical Integration

17

𝑥𝑛+1 = 𝑥𝑛 + ሶ𝑥𝒏ℎ

𝑡0 𝑡1 𝑡2 𝑡3 𝑡4 𝑡5 𝑡6 𝑡7 𝑡8 𝑡9 𝑡

ሶ𝑥
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Numerical Integration

18

𝑥𝑛+1 = 𝑥𝑛 + ሶ𝑥𝒏+𝟏ℎ

𝑡0 𝑡1 𝑡2 𝑡3 𝑡4 𝑡5 𝑡6 𝑡7 𝑡8 𝑡9 𝑡

ሶ𝑥
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Numerical Integration

• Explicit/Forward Euler Integration

• Implicit/Backward Euler Integration

19

𝑣𝑛+1 = 𝑣𝑛 + 𝑎𝒏ℎ
𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏ℎ

𝑣𝑛+1 = 𝑣𝑛 + 𝑎𝒏+𝟏ℎ
𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏+𝟏ℎ
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Numerical Integration

• Explicit/Forward Euler Integration

• Implicit/Backward Euler Integration

20

𝑣𝑛+1 = 𝑣𝑛 + 𝑎𝒏ℎ
𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏ℎ

𝑣𝑛+1 = 𝑣𝑛 + 𝑎𝒏+𝟏ℎ
𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏+𝟏ℎ

Requires “future” information
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Numerical Integration

• Explicit/Forward Euler Integration

• Implicit/Backward Euler Integration

21

𝑣𝑛+1 = 𝑣𝑛 + 𝑎𝒏ℎ
𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏ℎ

𝑣𝑛+1 = 𝑣𝑛 + 𝑓(𝑥𝑛+1, 𝑣𝑛+1)ℎ
𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏+𝟏ℎ

Requires “future” information
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Numerical Integration

• Explicit/Forward Euler Integration
𝑣𝑛+1 = 𝑣𝑛 + 𝑎𝒏ℎ
𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏ℎ

• Implicit/Backward Euler Integration
𝑣𝑛+1 = 𝑣𝑛 + 𝑎𝒏+𝟏ℎ
𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏+𝟏ℎ

• Symplectic / Semi-implicit Euler Integration
𝑣𝑛+1 = 𝑣𝑛 + 𝑎𝒏ℎ
𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏+𝟏ℎ

22

All information is current

Requires “future” information
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Mass on a Spring

23

𝑘

𝑚

𝑥, 𝑣

𝑓 = −𝑘𝑥

Explicit Euler Integration

𝑣𝑛+1 = 𝑣𝑛 −
𝑘𝑥𝒏
𝑚

ℎ

𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏ℎ

Semi-implicit Euler Integration

𝑣𝑛+1 = 𝑣𝑛 −
𝑘𝑥𝒏
𝑚

ℎ

𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏+𝟏ℎ

Implicit Euler Integration

𝑣𝑛+1 = 𝑣𝑛 −
𝑘𝑥𝒏+𝟏
𝑚

ℎ

𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏+𝟏ℎ
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Mass on a Spring

24

𝑘

𝑚

𝑥, 𝑣

𝑓 = −𝑘𝑥

Explicit Euler Integration Semi-implicit Euler Integration Implicit Euler Integration

1 𝑘ℎ
−ℎ 1

𝑣𝑛+1
𝑥𝑛+1

=
𝑣𝑛
𝑥𝑛

𝑣𝑛+1
𝑥𝑛+1

= 1 −𝑘ℎ
ℎ 1 − 𝑘ℎ2

𝑣𝑛
𝑥𝑛

𝑣𝑛+1
𝑥𝑛+1

= 1 −𝑘ℎ
ℎ 1

𝑣𝑛
𝑥𝑛

𝑘 = Τ𝑘 𝑚

𝑣𝑛+1
𝑥𝑛+1

=
1

1 + 𝑘ℎ2
1 −𝑘ℎ
ℎ 1

𝑣𝑛
𝑥𝑛
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Mass on a Spring

25

𝑘

𝑚

𝑥, 𝑣

𝑓 = −𝑘𝑥

Explicit Euler Integration Semi-implicit Euler Integration Implicit Euler Integration
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Numerical Integration

• Explicit/Forward Euler
Symplectic/Semi-implicit Euler
• Fast, no need to solve equations

• Can be unstable under large time step

• Implicit/Backward Euler
• Rock stable (unconditionally)

• Slow, need to solve a large problem

26

𝑣𝑛+1 = 𝑣𝑛 + 𝑓 𝑥𝑛, 𝑣𝑛 ℎ

𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏ℎ

𝑣𝑛+1 = 𝑣𝑛 + 𝑓 𝑥𝑛+1, 𝑣𝑛+1 ℎ

𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏+𝟏ℎ

𝑣𝑛+1 = 𝑣𝑛 + 𝑓 𝑥𝑛, 𝑣𝑛 ℎ

𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝒏+1ℎ
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More Advanced Integration

• Runge–Kutta methods

• Variational integration

• Position-based dynamics (PBD)

• ……

27
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Rigid Bodies

• They are rigid….

28
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Position and Orientation

𝑥
𝑅

29
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Position and Orientation

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0

𝑟0

𝑥′

30
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Position and Orientation

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0 = 𝑥 + 𝑟

𝑟0

𝑥′

31
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Linear and Angular Velocity

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0 = 𝑥 + 𝑟

𝑟0

𝑥′

𝑑𝑥′

𝑑𝑡
=?

32
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Linear and Angular Velocity

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0 = 𝑥 + 𝑟

𝑟0

𝑥′

𝑑𝑥′

𝑑𝑡
=?

𝑑𝑥′

𝑑𝑡
⇔ ሶ𝑥′ = ሶ𝑥 + ሶ𝑅𝑟0

33
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Linear and Angular Velocity

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0 = 𝑥 + 𝑟

𝑟0

𝑥′

𝑑𝑥′

𝑑𝑡
=?

𝑣 𝑣

𝑑𝑥′

𝑑𝑡
⇔ ሶ𝑥′ = ሶ𝑥 + ሶ𝑅𝑟0

34
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Linear and Angular Velocity

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0 = 𝑥 + 𝑟

𝑟0

𝑥′

𝑑𝑥′

𝑑𝑡
=?

𝑣 𝑣

𝑑𝑥′

𝑑𝑡
⇔ ሶ𝑥′ = ሶ𝑥 + ሶ𝑅𝑟0

???

35
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Linear and Angular Velocity

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0 = 𝑥 + 𝑟

𝑟0

𝑥′

𝑑𝑥′

𝑑𝑡
=?

𝑣 𝑣

𝑑𝑥′

𝑑𝑡
⇔ ሶ𝑥′ = ሶ𝑥 + ሶ𝑅𝑟0

???

𝑅𝑅𝑇 = 𝐼

36
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Linear and Angular Velocity

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0 = 𝑥 + 𝑟

𝑟0

𝑥′

𝑑𝑥′

𝑑𝑡
=?

𝑣 𝑣

𝑑𝑥′

𝑑𝑡
⇔ ሶ𝑥′ = ሶ𝑥 + ሶ𝑅𝑟0

???

𝑅𝑅𝑇 = 𝐼

𝑑 𝑅𝑅𝑇

𝑑𝑡
= 0

37
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Linear and Angular Velocity

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0 = 𝑥 + 𝑟

𝑟0

𝑥′

𝑑𝑥′

𝑑𝑡
=?

𝑣 𝑣

𝑑𝑥′

𝑑𝑡
⇔ ሶ𝑥′ = ሶ𝑥 + ሶ𝑅𝑟0

???

𝑅𝑅𝑇 = 𝐼

ሶ𝑅𝑅𝑇 + 𝑅 ሶ𝑅𝑇 = 0

38



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Linear and Angular Velocity

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0 = 𝑥 + 𝑟

𝑟0

𝑥′

𝑑𝑥′

𝑑𝑡
=?

𝑣 𝑣

𝑑𝑥′

𝑑𝑡
⇔ ሶ𝑥′ = ሶ𝑥 + ሶ𝑅𝑟0

???

𝑅𝑅𝑇 = 𝐼

ሶ𝑅𝑅𝑇 + ሶ𝑅𝑅𝑇
𝑇
= 0

ሶ𝑅𝑅𝑇 is a Skew-Symmetric Matrix

39
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Linear and Angular Velocity

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0 = 𝑥 + 𝑟

𝑟0

𝑥′

𝑑𝑥′

𝑑𝑡
=?

𝑣 𝑣

𝑑𝑥′

𝑑𝑡
⇔ ሶ𝑥′ = ሶ𝑥 + ሶ𝑅𝑟0

???

𝑅𝑅𝑇 = 𝐼

ሶ𝑅𝑅𝑇 + ሶ𝑅𝑅𝑇
𝑇
= 0

0 −𝜔𝑧 𝜔𝑦

𝜔𝑧 0 −𝜔𝑥

−𝜔𝑦 𝜔𝑥 0

ሶ𝑅𝑅𝑇 = = 𝜔 ×

40
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Linear and Angular Velocity

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0 = 𝑥 + 𝑟

𝑟0

𝑥′

𝑑𝑥′

𝑑𝑡
=?

𝑣 𝑣

𝑑𝑥′

𝑑𝑡
⇔ ሶ𝑥′ = ሶ𝑥 + 𝜔 ×𝑅𝑟0

0 −𝜔𝑧 𝜔𝑦

𝜔𝑧 0 −𝜔𝑥

−𝜔𝑦 𝜔𝑥 0

ሶ𝑅𝑅𝑇 = = 𝜔 ×

ሶ𝑅 = 𝜔 ×𝑅

41



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Linear and Angular Velocity

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0 = 𝑥 + 𝑟

𝑟0

𝑥′

𝑑𝑥′

𝑑𝑡
=?

𝑣 𝑣

𝑑𝑥′

𝑑𝑡
⇔ ሶ𝑥′ = ሶ𝑥 + 𝜔 × 𝑅𝑟0

0 −𝜔𝑧 𝜔𝑦

𝜔𝑧 0 −𝜔𝑥

−𝜔𝑦 𝜔𝑥 0

ሶ𝑅𝑅𝑇 = = 𝜔 ×

ሶ𝑅 = 𝜔 ×𝑅

42
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Linear and Angular Velocity

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0 = 𝑥 + 𝑟

𝑟0

𝑥′

𝜔

𝑣

𝑣′ = 𝑣 + 𝜔 × 𝑟

𝜔: angular velocity

𝑣: linear velocity

ሶ𝑅 = 𝜔 ×𝑅

ሶ𝑥 = 𝑣

43
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Angular Velocity and Rotation Matrix

44

𝒙

𝒖

𝜃

𝒙′

𝒖 = 𝟏

𝛿𝒙 = 𝒙′ − 𝒙

Rodrigues' rotation formula

𝛿𝒙

= sin 𝜃 𝒖 × 𝒙 + 1 − cos 𝜃 𝒖 × (𝒖 × 𝒙)
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Angular Velocity and Rotation Matrix

45

𝒙

𝒖

𝜃

𝒙′

𝒖 = 𝟏

𝛿𝒙 = 𝒙′ − 𝒙

Rodrigues' rotation formula

𝛿𝒙

= sin 𝜃 𝒖 × 𝒙 + 1 − cos 𝜃 𝒖 × (𝒖 × 𝒙)

ሶ𝒙 =
𝑑𝒙

𝑑𝑡
=
𝑑𝒙

𝑑𝜃
⋅
𝑑𝜃

𝑑𝑡
= ሶ𝜃𝒖 × 𝒙
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Angular Velocity and Rotation Matrix

46

𝒙

𝒖

𝜃

𝒙′

𝒖 = 𝟏

𝛿𝒙 = 𝒙′ − 𝒙

Rodrigues' rotation formula

𝛿𝒙

= sin 𝜃 𝒖 × 𝒙 + 1 − cos 𝜃 𝒖 × (𝒖 × 𝒙)

ሶ𝒙 =
𝑑𝒙

𝑑𝑡
=
𝑑𝒙

𝑑𝜃
⋅
𝑑𝜃

𝑑𝑡
= ሶ𝜃𝒖 × 𝒙

ሶ𝒙 = 𝝎 × 𝒙
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Angular Velocity and Rotation Matrix

𝜔: angular velocity ሶ𝑅 = 𝜔 ×𝑅

𝝎

𝑥

𝑦

𝑧

𝑜

𝑅 =

| | |
𝒆𝑥 𝒆𝑦 𝒆𝑧
| | |

47
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Angular Velocity and Rotation Matrix

𝜔: angular velocity ሶ𝑅 = 𝜔 ×𝑅

𝝎

𝑥

𝑦

𝑧

𝑜
ሶ𝒆𝑥 = 𝝎 × 𝒆𝑥

ሶ𝒆𝑦 = 𝝎 × 𝒆𝑦

ሶ𝒆𝑧 = 𝝎 × 𝒆𝑧

𝑅 =

| | |
𝒆𝑥 𝒆𝑦 𝒆𝑧
| | |
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Angular Velocity and Rotation Matrix

𝜔: angular velocity ሶ𝑅 = 𝜔 ×𝑅

𝝎

𝑥

𝑦

𝑧

𝑜 ሶ𝑅 =

| | |
ሶ𝒆𝑥 ሶ𝒆𝑦 ሶ𝒆𝑧
| | |

=

| | |
𝝎× ሶ𝒆𝑥 𝝎× ሶ𝒆𝑦 𝝎× ሶ𝒆𝑧

| | |

𝑅 =

| | |
𝒆𝑥 𝒆𝑦 𝒆𝑧
| | |
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Angular Velocity and Rotation Matrix

𝜔: angular velocity ሶ𝑅 = 𝜔 ×𝑅

𝝎

𝑥

𝑦

𝑧

𝑜 ሶ𝑅 =

| | |
ሶ𝒆𝑥 ሶ𝒆𝑦 ሶ𝒆𝑧
| | |

= 𝝎 ×

| | |
𝒆𝑥 𝒆𝑦 𝒆𝑧
| | |

𝑅 =

| | |
𝒆𝑥 𝒆𝑦 𝒆𝑧
| | |
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Linear and Angular Velocity

𝑥
𝑅

𝑥′ = 𝑥 + 𝑅𝑟0 = 𝑥 + 𝑟

𝑟0

𝑥′

𝜔

𝑣

𝑣′ = 𝑣 + 𝜔 × 𝑟

𝜔: angular velocity

𝑣: linear velocity

ሶ𝑅 = 𝜔 ×𝑅

ሶ𝑥 = 𝑣
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Numerical Integration

𝑥′ = ?

𝑅′ = ?

𝑥
𝑅 𝑅′𝑥′

𝜔

𝑣

𝛿𝑡
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Numerical Integration

ሶ𝑥 = 𝑣

ሶ𝑅 = 𝜔 ×𝑅

𝑥
𝑅

𝜔

𝑣

𝑅′𝑥′
𝛿𝑡

53
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Numerical Integration

𝑥′ = 𝑥 + 𝛿𝑡 ⋅ 𝑣

𝑅′ = 𝑅 + 𝛿𝑡 ⋅ 𝜔 ×𝑅

ሶ𝑥 = 𝑣

ሶ𝑅 = 𝜔 ×𝑅

𝑥
𝑅

𝜔

𝑣

𝑅′𝑥′
𝛿𝑡

Need orthogonalization! 54
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Numerical Integration: Quaternion

𝑥′ = 𝑥 + 𝛿𝑡 ⋅ 𝑣

𝑞′ = 𝑞 + 𝛿𝑡 ⋅ ሶ𝑞

ሶ𝑥 = 𝑣

ሶ𝑞 = ?

𝑥
𝑞

𝜔

𝑣

𝑞′𝑥′
𝛿𝑡
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Numerical Integration: Quaternion

𝑥′ = 𝑥 + 𝛿𝑡 ⋅ 𝑣

𝑞′ = 𝑞 + 𝛿𝑡 ⋅ ሶ𝑞

ሶ𝑥 = 𝑣

ሶ𝑞 =
1

2
ഥ𝜔𝑞

𝑥
𝑞

𝜔

𝑣

𝑞′𝑥′
𝛿𝑡

Need Normalization! ഥ𝜔 = 0,𝜔 56
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Kinematics vs. Dynamics

Kinematics Dynamics

𝑥, 𝑅
𝑣, 𝜔
𝑎, 𝛼
ഺ𝑥, ሷ𝜔
…

𝑝, 𝐿

𝐹, 𝜏

𝑚, 𝐼
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Linear and Angular Momentum of a Particle

𝐿 = 𝑚 𝑟 × 𝑣

𝑝 = 𝑚 𝑣 Linear momentum of 𝑥

Angular momentum of 𝑥 w.r.t. 𝑜

𝑜
𝑟

𝑥,

𝐿
𝑣

𝑚
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Force and Torque

𝑜 𝑟
𝑥, 𝑚

𝐹
𝜏

𝜏 = 𝑟 × 𝐹
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Torque and Angular Momentum

https://en.wikipedia.org/wiki/Torque
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Rigid Body as a Collection of Particles

𝑥𝑐 =
σ𝑖𝑚𝑖𝑥𝑖
σ𝑖𝑚𝑖

𝑚𝑖 , 𝑥𝑖 , 𝑣𝑖

𝑥𝑐

𝑣𝑐 =
σ𝑖𝑚𝑖𝑣𝑖
σ𝑖𝑚𝑖

𝑀 =

𝑖

𝑚𝑖
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Moments of a Rigid Body

𝐿𝑜 =

𝑖

𝑚𝑖𝑟𝑖
′ × 𝑣𝑖𝑝 =

𝑖

𝑚𝑖𝑣𝑖

𝑥𝑖 , 𝑚𝑖 , 𝑣𝑖

𝑥𝑐

𝑜 𝑟𝑖
′
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Angular Moment of a Rigid Body

𝐿𝑜 =

𝑖

𝑚𝑖𝑟𝑖
′ × 𝑣𝑖 = 𝑀𝑟𝑐 × 𝑣𝑐 +

𝑖

𝑚𝑖𝑟𝑖 × 𝑣𝑖

𝑥𝑖 , 𝑚𝑖 , 𝑣𝑖

𝑥𝑐

𝑟𝑖

𝑜 𝑟𝑖
′

𝑟𝑐
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Angular Moment of a Rigid Body

𝐿𝑥𝑐 =

𝑖

𝑚𝑖𝑟𝑖 × 𝑣𝑖

𝑥𝑖 , 𝑚𝑖 , 𝑣𝑖

𝑥𝑐

𝑟𝑖
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Angular Moment of a Rigid Body

𝐿 =

𝑖

𝑚𝑖𝑟𝑖 × 𝑣𝑖

𝑥𝑖 , 𝑚𝑖 , 𝑣𝑖

𝑥𝑐

𝑟𝑖
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Angular Moment of a Rigid Body

𝐿 =

𝑖

𝑚𝑖𝑟𝑖 × 𝑣𝑖

𝑥𝑖 , 𝑚𝑖 , 𝑣𝑖

𝑥𝑐

𝑟𝑖 𝑅

𝜔
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Angular Moment of a Rigid Body

𝐿 =

𝑖

𝑚𝑖𝑟𝑖 × (𝜔 × 𝑟𝑖)

𝑥𝑖 , 𝑚𝑖 , 𝑣𝑖

𝑥𝑐

𝑟𝑖 𝑅

𝜔
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Angular Moment of a Rigid Body

𝐿 =

𝑖

−𝑚𝑖 𝑟𝑖 ×
2 𝜔

𝑥𝑖 , 𝑚𝑖 , 𝑣𝑖

𝑥𝑐

𝑟𝑖 𝑅

𝜔

𝑎 × =

0 −𝑎3 𝑎2
𝑎3 0 −𝑎1
−𝑎2 𝑎1 0

68



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Angular Moment of a Rigid Body

𝑥𝑖 , 𝑚𝑖 , 𝑣𝑖

𝑥𝑐

𝑟𝑖 𝑅

𝜔

𝐿 = 𝐼𝜔

𝐼 =

𝑖

−𝑚𝑖 𝑟𝑖 ×
2

Moment of Inertia:

69



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Moment of Inertia 
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Moment of Inertia 

https://en.wikipedia.org/wiki/Moment_of_inertia
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Rotation of Moment of Inertia 

𝑥𝑐
𝑅

𝑅𝑟 × 𝑥 = 𝑅 𝑟 × 𝑅𝑇𝑥

𝑀0, 𝐼0 𝑀, 𝐼

𝑀 = 𝑀0

𝐼 = 𝑅𝐼0𝑅
𝑇

𝑅𝑟 × = 𝑅 𝑟 ×𝑅
𝑇

𝑅𝑟 ×
2 = 𝑅 𝑟 ×

2𝑅𝑇

73

𝑥𝑐
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Principal Axes of Moment of Inertia 

𝑥𝑐
𝑅

𝐼 = 𝑅𝐼0𝑅
𝑇Eigendecomposition ⇒

𝑀, 𝐼

𝐼0 =

𝐼1 0 0
0 𝐼2 0
0 0 𝐼3

= diag(𝐼1, 𝐼2, 𝐼3)
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Center of Momentum (CoM) Frame

𝑥𝑐 𝑅

𝑀, 𝐼

𝐿 = 𝐼𝜔𝑝 = 𝑀𝑣𝑐

𝜔

𝑣𝑐
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Force on a Rigid Body

𝑥𝑐 𝑅

𝑀, 𝐼

𝜔

𝑣𝑐
𝑟

𝑓
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Force on a Rigid Body

𝑥𝑐 𝑅

𝑀, 𝐼

𝜔

𝑣𝑐
𝑟

𝜏

𝜏 = 𝑟 × 𝑓

𝑓
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Torque on a Rigid Body

𝑥𝑐 𝑅

𝑀, 𝐼

𝜔

𝑣𝑐
𝑟

𝜏

𝜏 = ? ? ?
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Parallel Forces and Torques

𝑥𝑐

𝜏

𝜏 = ? ? ?

𝑓

𝑓
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Center of Momentum (CoM) Frame

𝐿 = 𝐼𝜔𝑝 = 𝑀𝑣𝑐

80

𝑥𝑐 𝑅

𝑀, 𝐼

𝜔

𝑣𝑐

𝑓2

𝑓1

𝜏1

𝜏2

𝑓3
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Center of Momentum (CoM) Frame

𝑥𝑐 𝑅

𝑀, 𝐼

𝜔

𝑣𝑐

𝜏

𝑓

81

𝐿 = 𝐼𝜔𝑝 = 𝑀𝑣𝑐

𝜏 = σ𝑖 𝜏𝑖𝑓 = σ𝑖 𝑓𝑖
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Equation of Motion of Rigid Body

𝑥𝑐 𝑅

𝑀, 𝐼

𝜔

𝑣𝑐

𝜏

𝑓

Kinematics Dynamics

𝑥, 𝑅
𝑣, 𝜔

𝑝, 𝐿
𝑓, 𝜏

𝑚, 𝐼
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Equation of Motion of Rigid Body

𝑥 𝑅

𝑀, 𝐼

𝜔

𝑣

𝜏

𝑓

Newton’s Second Law: 𝑓 = 𝑀𝑎

𝐿 = 𝐼𝜔

𝑝 = 𝑀𝑣

𝑥, 𝑅, 𝑣, 𝜔

83



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Equation of Motion of Rigid Body

𝑥 𝑅

𝑀, 𝐼

𝜔

𝑣

𝜏

𝑓

𝑑𝑝

𝑑𝑡
= 𝑓

𝐿 = 𝐼𝜔

𝑝 = 𝑀𝑣

𝑥, 𝑅, 𝑣, 𝜔

84

Newton’s Second Law:
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Equation of Motion of Rigid Body

𝑑𝑝

𝑑𝑡
= 𝑓

𝐿 = 𝐼𝜔

𝑝 = 𝑀𝑣

𝑥, 𝑅, 𝑣, 𝜔

Euler’s laws of motion:
𝑑𝐿

𝑑𝑡
= 𝜏

85

Newton’s Second Law:

𝑥 𝑅

𝑀, 𝐼

𝜔

𝑣

𝜏

𝑓
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Equation of Motion of Rigid Body

𝑑𝑝

𝑑𝑡
= 𝑓

𝐿 = 𝐼𝜔

𝑝 = 𝑀𝑣

𝑥, 𝑅, 𝑣, 𝜔

Euler’s laws of motion:
𝑑𝐿

𝑑𝑡
= 𝜏

86

Newton’s Second Law: 𝑀 ሶ𝑣 = 𝑓

𝐼 ሶ𝜔 + ሶ𝐼𝜔 = 𝜏

𝑥 𝑅

𝑀, 𝐼

𝜔

𝑣

𝜏

𝑓
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Equation of Motion of Rigid Body

𝑑𝑝

𝑑𝑡
= 𝑓

𝐿 = 𝐼𝜔

𝑝 = 𝑀𝑣

𝑥, 𝑅, 𝑣, 𝜔

Euler’s laws of motion:
𝑑𝐿

𝑑𝑡
= 𝜏

87

Newton’s Second Law: 𝑀 ሶ𝑣 = 𝑓

𝐼 ሶ𝜔 + 𝜔 × 𝐼𝜔 = 𝜏

ሶ𝐼 =
𝑑

𝑑𝑡
𝑅𝐼0𝑅

𝑇

= ሶ𝑅𝐼0𝑅
𝑇 + 𝑅𝐼0 ሶ𝑅𝑇

= 𝜔 ×𝑅𝐼0𝑅
𝑇 + 𝑅𝐼0𝑅

𝑇 𝜔 ×
𝑇

ሶ𝐼𝜔 = 𝜔 × 𝐼𝜔 + 𝐼 −𝜔 × 𝜔

𝑥 𝑅

𝑀, 𝐼

𝜔

𝑣

𝜏

𝑓
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Newton–Euler Equations

𝐿 = 𝐼𝜔

𝑝 = 𝑚𝑣

𝑥, 𝑅, 𝑣, 𝜔

𝑚I3 0
0 𝐼

ሶ𝑣
ሶ𝜔
+

0
𝜔 × 𝐼𝜔

=
𝑓
𝜏

88

𝑥 𝑅

𝑀, 𝐼

𝜔

𝑣

𝜏

𝑓
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Numerical Integration

𝑚I3 0
0 𝐼

ሶ𝑣
ሶ𝜔
+

0
𝜔 × 𝐼𝜔

=
𝑓
𝜏

1

ℎ

𝑚I3 0
0 𝐼𝑛

𝑣𝑛+1 − 𝑣𝑛
𝜔𝑛+1 −𝜔𝑛

+
0

𝜔𝑛 × 𝐼𝑛𝜔𝑛
=

𝑓
𝜏

89
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Rigid Body Simulation

1

ℎ

𝑚I3 0
0 𝐼𝑛

𝑣𝑛+1 − 𝑣𝑛
𝜔𝑛+1 −𝜔𝑛

+
0

𝜔𝑛 × 𝐼𝑛𝜔𝑛
=

𝑓
𝜏

𝑥𝑛+1 = 𝑥𝑛 + ℎ𝑣𝑛+1

𝑞𝑛+1 = 𝑞𝑛 +
1

2
ℎഥ𝜔𝑛+1𝑞

𝐼𝑛 = 𝑅𝑛𝐼0𝑅𝑛
𝑇

90

𝑣𝑛+1 = ⋯

𝜔𝑛+1 = ⋯
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A System with Two Links

𝑚𝑖 , 𝐼𝑖 , 𝑥𝑖 , 𝑅𝑖 , 𝑣𝑖 , 𝜔𝑖

91



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

A System with Two Links

𝑚1I3
𝐼1

𝑚2I3
𝐼2

ሶ𝑣1
ሶ𝜔1

ሶ𝑣2
ሶ𝜔2

+

0
𝜔1 × 𝐼1𝜔1

0
𝜔2 × 𝐼2𝜔2

=

𝑓1
𝜏1
𝑓2
𝜏2

𝑚𝑖 , 𝐼𝑖 , 𝑥𝑖 , 𝑅𝑖 , 𝑣𝑖 , 𝜔𝑖
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A System with Two Links

𝑀 ሶ𝒗 + 𝐶 𝒙, 𝒗 = 𝒇

𝑚𝑖 , 𝐼𝑖 , 𝑥𝑖 , 𝑅𝑖 , 𝑣𝑖 , 𝜔𝑖
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A System with Two Links

𝑚𝑖 , 𝐼𝑖 , 𝑥𝑖 , 𝑅𝑖 , 𝑣𝑖 , 𝜔𝑖

94

𝑀 ሶ𝒗 + 𝐶 𝒙, 𝒗 = 𝒇
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A System with Two Links and a Joint

𝑚𝑖 , 𝐼𝑖 , 𝑥𝑖 , 𝑅𝑖 , 𝑣𝑖 , 𝜔𝑖

95

𝑀 ሶ𝒗 + 𝐶 𝒙, 𝒗 = 𝒇
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A System with Two Links and a Joint

𝑚𝑖 , 𝐼𝑖 , 𝑥𝑖 , 𝑅𝑖 , 𝑣𝑖 , 𝜔𝑖

−𝑓𝐽 𝑓𝐽

𝑀 ሶ𝒗 + 𝐶 𝒙, 𝒗 = 𝒇 + 𝒇𝐽
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Constraints

𝑔 𝑥 = 𝐶

𝑥

𝑔 𝒙 = 𝐶

𝑑

𝑑𝑡
𝑔 𝒙 = 0

97



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Constraints

𝑔 𝑥 = 𝐶

𝑥

𝑔 𝒙 = 𝐶

𝑑

𝑑𝑡
𝑔 𝒙 = 0

𝜕𝑔

𝜕𝒙
⋅
𝑑𝒙

𝑑𝑡
= 0
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Constraints

𝑔 𝑥 = 𝐶

𝑥

𝑔 𝒙 = 𝐶

𝑑

𝑑𝑡
𝑔 𝒙 = 0

𝐽𝒗 = 0

𝐽 = ∇𝑔 𝑇
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Constraint Force

𝑔 𝑥 = 𝐶

𝑥

𝑓𝑐

𝑓𝑐 ⋅ 𝑣 = 0

* Constraint is passive 
No energy gain or loss!!!

100
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Constraint Force

𝑔 𝑥 = 𝐶

𝑥

𝑓𝑐

𝑓𝑐 ⋅ 𝑣 = 0

* Constraint is passive 
No energy gain or loss!!!

𝑓𝑐 = 𝐽𝑇𝝀

unknown

𝐽𝑣 = 0

101

𝑓𝑐
𝑇𝑣 = 0
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Equation of Motion with Constraints

𝑔 𝑥 = 𝐶

𝑀, 𝑥, 𝑣

𝑓𝑐

𝑓
𝐽𝑣 = 0

𝑀 ሶ𝑣 = 𝑓 + 𝐽𝑇𝜆

𝑀
𝑣𝑛+1 − 𝑣𝑛

ℎ
= 𝑓 + 𝐽𝑇𝜆

𝐽𝑣𝑛+1 = 0
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Numerical Solution

𝑔 𝑥 = 𝐶

𝑀, 𝑥, 𝑣

𝑓𝑐

𝑓

𝑀
𝑣𝑛+1 − 𝑣𝑛

ℎ
= 𝑓 + 𝐽𝑇𝜆

𝐽𝑣𝑛+1 = 0
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Numerical Solution

𝑔 𝑥 = 𝐶

𝑀, 𝑥, 𝑣

𝑓𝑐

𝑓

𝑀
𝑣𝑛+1 − 𝑣𝑛

ℎ
= 𝑓 + 𝐽𝑇𝜆

𝐽𝑣𝑛+1 = 𝟎

𝐽𝑣𝑛+1 = 𝛼
𝐶 − 𝑔 𝑥𝑛

ℎ

Correction of numerical errors
𝛼: error reduction parameter (ERP) 
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Numerical Solution

𝑔 𝑥 = 𝐶

𝑀, 𝑥, 𝑣

𝑓𝑐

𝑓

𝑀
𝑣𝑛+1 − 𝑣𝑛

ℎ
= 𝑓 + 𝐽𝑇𝜆

𝐽𝑣𝑛+1 = 𝑏𝑛

𝐽𝑀−1𝐽𝑇𝜆 = 𝑐𝑛

(𝐽𝑀−1𝐽𝑇 + 𝛽𝐈)𝜆 = 𝑐𝑛

105
𝛽: constraint force mixing (CFM)
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Joint Constraint

𝑚𝑖 , 𝐼𝑖 , 𝑥𝑖 , 𝑅𝑖 , 𝑣𝑖 , 𝜔𝑖

𝑟1

𝑥𝐽

𝑥1

𝑥2
𝑟2

𝑥1 + 𝑅1𝑟1 = 𝑥𝐽 = 𝑥2 + 𝑅2𝑟2

𝑣1 +𝜔1 × 𝑟1 = 𝑣2 +𝜔2 × 𝑟2

ൗ𝑑 𝑑𝑡

106
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Joint Constraint

𝑚𝑖 , 𝐼𝑖 , 𝑥𝑖 , 𝑅𝑖 , 𝑣𝑖 , 𝜔𝑖

𝑥1

𝑥2
𝑟1

𝑥𝐽

𝑟2

𝐼3 − 𝑟1 × −𝐼3 𝑟2 ×

𝑣1
𝑤1

𝑣2
𝑤2

= 0

𝐽𝑣 = 0
107
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A System with Two Links and a Joint

𝑚𝑖 , 𝐼𝑖 , 𝑥𝑖 , 𝑅𝑖 , 𝑣𝑖 , 𝜔𝑖

𝑀 ሶ𝒗 + 𝐶 𝒙, 𝒗 = 𝒇 + 𝑱𝑻𝝀

𝐽𝑣 = 0

𝑥1

𝑥2
𝑟1

𝑥𝐽

𝑟2
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A System with Two Links and a Joint

𝑚𝑖 , 𝐼𝑖 , 𝑥𝑖 , 𝑅𝑖 , 𝑣𝑖 , 𝜔𝑖

𝐽𝑣 = 0

𝑚1I3
𝐼1

𝑚2I3
𝐼2

ሶ𝑣1
ሶ𝜔1

ሶ𝑣2
ሶ𝜔2

+

0
𝜔1 × 𝐼1𝜔1

0
𝜔2 × 𝐼2𝜔2

=

𝑓1
𝜏1
𝑓2
𝜏2

+

𝐼3
𝑟1 ×

−𝐼3
− 𝑟2 ×

𝜆

𝑥1

𝑥2
𝑟1

𝑥𝐽

𝑟2

109
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Different Types of Joints

Hinge joint
Revolute joint Universal joint Ball-and-socket

𝐼3 − 𝑟1 × −𝐼3 𝑟2 ×

? ? ? ?

𝑣1
𝑤1

𝑣2
𝑤2

= 0
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A System with Many Links Joints

𝑚𝑖 , 𝐼𝑖 , 𝑥𝑖 , 𝑅𝑖 , 𝑣𝑖 , 𝜔𝑖

𝑥1 𝑥2

𝑟1 𝑟2
𝑥3

𝑥4

𝑀 ሶ𝒗 + 𝐶 𝒙, 𝒗 = 𝒇 + 𝑱𝑻𝝀

𝐽𝒗 = 0

𝑂

111
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Contacts

𝑓𝑐

𝑑

𝑥

112
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Contact Detection

𝑓𝑐

𝑑

𝑥

𝑟𝑐
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Contact Detection

𝑓𝑐

𝑑

𝑥

𝑟𝑐
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Penalty-based Contact Model

𝑓𝑛

𝑑

𝑥

𝑓𝑛 = −𝑘𝑝𝑑 − 𝑘𝑑𝑣𝑐,⊥

115
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Frictional Contact

𝑓𝑛

𝑑

𝑥

𝑣

𝑓𝑡

Coulomb’s law of friction: 𝑓𝑡 = 𝜇𝑓𝑛

116
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Frictional Contact

𝑓𝑛

𝑑

𝑥

𝑣

𝑓𝑡

𝑓𝑛 = −𝑘𝑝𝑑 − 𝑘𝑑𝑣𝑐,⊥

𝑓𝑡 = −𝜇𝑓𝑛
𝑣𝑐,∥

𝑣𝑐,∥ 117
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Frictional Contact

𝑓𝑛

𝑑

𝑥

𝑣

𝑓𝑡

Coulomb’s law of friction: 𝑓𝑡 ≤ 𝜇𝑓𝑛

How to model static friction??? 118
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Contact as a Constraint

𝑓𝑐

𝑑

𝑥

𝑟𝑐

𝑥𝑐 , 𝑣𝑐

𝑥𝑐 = 𝑥 + 𝑟𝑐

𝑅

𝜔
𝑣𝑐 = 𝑣 + 𝜔 × 𝑟𝑐 = 𝐽𝑐

𝑣
𝜔

𝑣𝑐,⊥ = 𝑣 + 𝜔 × 𝑟𝑐 = 𝐽𝑐,⊥
𝑣
𝜔
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Contact as a Constraint

𝑓𝑐

𝑑

𝑥

𝑟𝑐

𝑥𝑐 , 𝑣𝑐

𝑅

𝜔

𝑣𝑐 = 𝐽𝑐
𝑣
𝜔

≥ 0

𝜆 ≥ 0

𝑚I3 0
0 𝐼

ሶ𝑣
ሶ𝜔
+

0
𝜔 × 𝐼𝜔

=
𝑓
𝜏
+ 𝐽𝑐

𝑇𝜆
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Contact as a Constraint

𝑓𝑐

𝑑

𝑥

𝑟𝑐

𝑥𝑐 , 𝑣𝑐

𝑅

𝜔

𝑣𝑐 = 𝐽𝑐
𝑣
𝜔

≥ 0

𝜆 ≥ 0

𝑚I3 0
0 𝐼

ሶ𝑣
ሶ𝜔
+

0
𝜔 × 𝐼𝜔

=
𝑓
𝜏
+ 𝐽𝑐

𝑇𝜆

𝑣𝑐 > 0 ⇒ 𝜆 = 0

𝜆 > 0 ⇒ 𝑣𝑐 = 0
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Contact as a Linear Complementary Problem

𝑓𝑐

𝑑

𝑥

𝑟𝑐

𝑥𝑐 , 𝑣𝑐

𝑅

𝜔

𝑣𝑐 = 𝐽𝑐
𝑣
𝜔

≥ 0

𝜆 ≥ 0

𝑚I3 0
0 𝐼

ሶ𝑣
ሶ𝜔
+

0
𝜔 × 𝐼𝜔

=
𝑓
𝜏
+ 𝐽𝑐

𝑇𝜆

𝑣𝑐 ⊥ 𝜆 = 0

(Mixed) Linear Complementary Problem (LCP)

To solve an LCP: 
e.g. Lemke's algorithm – a simplex algorithm
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Contact as a Linear Complementary Problem

𝑓𝑐

𝑑

𝑥

𝑟𝑐

𝑥𝑐 , 𝑣𝑐

𝑅

𝜔

How to deal the friction?

David Baraff. SIGGRAPH ’94 
Fast contact force computation for nonpenetrating 
rigid bodies. 123
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Simulation of a Rigid Body System

𝑥𝑛+1 = 𝑥𝑛 + ℎ𝑣𝑛+1

𝑞𝑛+1 = 𝑞𝑛 +
ℎ

2
ഥ𝜔𝑛+1𝑞

𝐼𝑛 = 𝑅𝑛𝐼0𝑅𝑛
𝑇

𝑚𝑖 , 𝐼𝑖 , 𝑥𝑖 , 𝑅𝑖 , 𝑣𝑖 , 𝜔𝑖

ൗ𝑀𝑛(𝑣𝑛+1 − 𝑣𝑛)
ℎ + 𝐶𝑛 𝑣𝑛 = 𝑓𝑐 + 𝐽𝑛

𝑇𝜆

𝐽𝑛𝑣𝑛+1 = 𝑐𝑛

𝑥1 𝑥2

𝑟1 𝑟2
𝑥3

𝑥4

𝑂

𝑓𝑐

𝑓𝑐 = Penalty
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Outline

• Simulation Basis
• Numerical Integration: Euler methods

• Equations of Rigid Bodies
• Rigid Body Kinematics 

• Newton-Euler equations

• Articulated Rigid Bodies
• Joints and constraints

• Contact Models
• Penalty-based contact

• Constraint-based contact

https://www.cs.cmu.edu/~baraff/sigcourse/
125
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Questions?

126


