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Outline

• Learning-based Character Animation (cont.)
• Motion Models

• Autoregressive models: PFNN

• Generative models
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Learning Motion Models

Given a set of example motions 𝒙𝑖 ∼ 𝑝 𝒙
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Learning Motion Models

Given a set of example motions 𝒙𝑖 ∼ 𝑝 𝒙

𝑝 𝒙 : probability that 𝒙 is a natural motion 
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Learning Motion Models

5

𝑥𝑡 = (𝒕0, 𝑅0, 𝑅1 , 𝑅2, … )

𝑋 = 𝑥𝑡
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Learning Motion Models

6

𝑝 𝑋

𝑝 𝑋 = 𝑝 𝑥1, … , 𝑥𝑇

𝑋 = 𝑥1, … , 𝑥𝑇

𝑇
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Learning Motion Models

7

𝑝 𝑋 𝑧 = 𝑝 𝑥1, … , 𝑥𝑇 𝑧

𝑋 = 𝑥1, … , 𝑥𝑇

𝑇

𝑝 𝑋 𝑧 𝑧: control parameters

latent variables
……

Conditional distribution
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Learning Motion Models

8

𝑥1, … , 𝑥𝑇 = 𝑓 𝑧

𝑋 = 𝑥1, … , 𝑥𝑇

𝑇

𝑧: control parameters

latent variables
……

𝑋 = 𝑓 𝑧
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Two Perspectives on a Motion Sequence

9

𝑋 = 𝑥1, … , 𝑥𝑇

𝑇 𝑋 = 𝑓 𝑧

𝑝 𝑋 𝑧
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Two Perspectives on a Motion Sequence

10

… , 𝑥𝑡−3, 𝑥𝑡−2, 𝑥𝑡−1 𝑥𝑡

….
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Two Perspectives on a Motion Sequence

11

… , 𝑥𝑡−3, 𝑥𝑡−2, 𝑥𝑡−1 𝑥𝑡

….

𝑝 𝑋 𝑧 = 𝑝 𝑥1, … , 𝑥𝑇 𝑧
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Two Perspectives on a Motion Sequence

12

… , 𝑥𝑡−3, 𝑥𝑡−2, 𝑥𝑡−1 𝑥𝑡

….

𝑝 𝑋 𝑧 = 𝑝 𝑥1, … , 𝑥𝑇 𝑧

= 𝑝 𝑥1 ෑ

𝑡

𝑝 𝑥𝑡 𝑥𝑡−1, … , 𝑥1; 𝑧

𝑝 𝑥𝑡 𝑥𝑡−1, … , 𝑥1; 𝑧
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Two Perspectives on a Motion Sequence

13

… , 𝑥𝑡−3, 𝑥𝑡−2, 𝑥𝑡−1 𝑥𝑡

….

𝑝 𝑋 𝑧 = 𝑝 𝑥1, … , 𝑥𝑇 𝑧

= 𝑝 𝑥1 ෑ

𝑡

𝑝 𝑥𝑡 𝑥𝑡−1, … , 𝑥1; 𝑧

*The chain rule of conditional probabilities:

𝑝 𝑥1, 𝑥2 = 𝑝 𝑥2 𝑥1 𝑝 𝑥1

𝑝 𝑥𝑡 𝑥𝑡−1, … , 𝑥1; 𝑧
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Two Perspectives on a Motion Sequence

14

… , 𝑥𝑡−3, 𝑥𝑡−2, 𝑥𝑡−1 𝑥𝑡

….

𝑝 𝑋 𝑧 = 𝑝 𝑥1, … , 𝑥𝑇 𝑧

= 𝑝 𝑥1 ෑ

𝑡

𝑝 𝑥𝑡 𝑥𝑡−1, … , 𝑥1; 𝑧

*The chain rule of conditional probabilities:

𝑝 𝑥1, 𝑥2 = 𝑝 𝑥2 𝑥1 𝑝 𝑥1

𝑝 𝑥1, 𝑥2, 𝑥3 = 𝑝 𝑥2, 𝑥3 𝑥1 𝑝 𝑥1

= 𝑝 𝑥3 𝑥2, 𝑥1 𝑝 𝑥2 𝑥1 𝑝(𝑥1)

𝑝 𝑥𝑡 𝑥𝑡−1, … , 𝑥1; 𝑧
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Two Perspectives on a Motion Sequence

15

… , 𝑥𝑡−3, 𝑥𝑡−2, 𝑥𝑡−1 𝑥𝑡

….

𝑝 𝑋 𝑧 = 𝑝 𝑥1, … , 𝑥𝑇 𝑧

= 𝑝 𝑥1 ෑ

𝑡

𝑝 𝑥𝑡 𝑥𝑡−1, … , 𝑥1; 𝑧

𝑥𝑡 = 𝑓 𝑥𝑡−1, 𝑥𝑡−2, … 𝑥1; 𝑧

𝑓 𝑥𝑡−1, 𝑥𝑡−2, … 𝑥1; 𝑧
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Two Perspectives on a Motion Sequence

16

… , 𝑥𝑡−3, 𝑥𝑡−2, 𝑥𝑡−1 𝑥𝑡

….

𝑝 𝑋 𝑧 = 𝑝 𝑥1, … , 𝑥𝑇 𝑧

= 𝑝 𝑥1 ෑ

𝑡

𝑝 𝑥𝑡 𝑥𝑡−1, … , 𝑥1; 𝑧

𝑥𝑡 = 𝑓 𝑥𝑡−1, 𝑥𝑡−2, … , 𝑥1; 𝑧Markov Property

𝑓 𝑥𝑡−1; 𝑧
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Two Perspectives on a Motion Sequence

17

𝑥𝑡

….

𝑝 𝑋 𝑧 = 𝑝 𝑥1, … , 𝑥𝑇 𝑧

= 𝑝 𝑥1 ෑ

𝑡

𝑝 𝑥𝑡 𝑥𝑡−1; 𝑧

𝑥𝑡 = 𝑓 𝑥𝑡−1; 𝑧Markov Property

𝑓 𝑥𝑡−1; 𝑧

… , 𝑥𝑡−3, 𝑥𝑡−2, 𝑥𝑡−1
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Two Perspectives on a Motion Sequence

18

𝑋 = 𝑥1, … , 𝑥𝑇

𝑇

… , 𝑥𝑡−3, 𝑥𝑡−2, 𝑥𝑡−1 𝑥𝑡

….

𝑥𝑡 = 𝑓 𝑥𝑡−1, 𝑥𝑡−2, … ; 𝑧

𝑝 𝑥𝑡 𝑥𝑡−1, … , 𝑥1; 𝑧

𝑋 = 𝑓 𝑧

𝑝 𝑋 𝑧

𝑥𝑡 = 𝑓 𝑥𝑡−1; 𝑧 Markov Property
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Autoregressive Model

19

𝑥𝑡 = 𝑓 𝑥𝑡−1, 𝑥𝑡−2, … ; 𝑧

𝑥𝑡 = 𝑓 𝑥𝑡−1; 𝑧
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Autoregressive Model

20

𝑥𝑡 = 𝑓 𝑥𝑡−1, 𝑥𝑡−2, … ; 𝑧

𝑥𝑡 = 𝑓 𝑥𝑡−1; 𝑧
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Autoregressive Model

21

𝑥𝑡 = 𝑓 𝑥𝑡−1; 𝑧

𝑧: control parameters

latent variables
……
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Autoregressive Model

22

𝑥𝑡 = 𝑓 𝑥𝑡−1
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Autoregressive Model

23

𝑥𝑡 = 𝑓 𝑥𝑡−1

Given a set of example motions 𝑿𝑖 ∼ 𝑝 𝑿
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Autoregressive Model

24

𝑥𝑡 = 𝑓 𝑥𝑡−1

Given a set of example transitions
(𝑥𝑡−1, 𝑥𝑡) ∼ 𝑝 𝑿
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Learning Motion Models

25

𝑥𝑡 = 𝑓 𝑥𝑡−1

𝑥𝑡−1 𝑓 𝑥𝑡

(𝑥𝑡−1, 𝑥𝑡)

Train
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Interpolation

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑓 𝑥 =𝑓 𝑥𝑖 = 𝑦𝑖 ?
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Neural Networks

27

𝑥1

𝑥2

𝑥𝑛

…
…

𝑦𝜎

𝑤1

𝑤2

𝑤𝑛

A Multipolar Neuron

𝑦 = 𝜎 

𝑖

𝑤𝑖𝑥𝑖 + 𝑏

𝑏
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Neural Networks

28

𝑥1

𝑥2

𝑥𝑛

…
…

𝑦1

𝑦1

𝑦1

𝑦1

…
…

𝒚 = 𝜎 𝑊𝒙 + 𝒃

𝒙 𝒚

𝑊

𝒃
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Neural Networks

29

𝑥1

𝑥2

𝑥𝑛

…
…

𝒙

𝑢1

𝑢1

𝑢1

𝑢1

…
…

𝒖

𝑊1

𝒃1

𝑣1

𝑣1

𝑣1

𝑣1

…
…

𝒗

𝑊2

𝒃2

𝑦1

𝑦2

𝑦𝑛

…
…

𝒚

𝑊3

𝒃3
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Neural Networks

30

𝑥1

𝑥2

𝑥𝑛

…
…

𝒙

𝑢1

𝑢1

𝑢1

𝑢1

…
…

𝒖

𝑊1

𝒃1

𝑣1

𝑣1

𝑣1

𝑣1

…
…

𝒗

𝑊2

𝒃2

𝑦1

𝑦2

𝑦𝑛

…
…

𝒚

𝑊3

𝒃3

𝒚 = 𝑓 𝒙 = 𝜎 𝒃3 +𝑊3𝜎 𝒃2 +𝑊2𝜎 𝒃1 +𝑊1𝒙
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Neural Networks

31

𝑥1

𝑥2

𝑥𝑛

…
…

𝒙

𝑢1

𝑢1

𝑢1

𝑢1

…
…

𝒖

𝑊1

𝒃1

𝑣1

𝑣1

𝑣1

𝑣1

…
…

𝒗

𝑊2

𝒃2

𝑦1

𝑦2

𝑦𝑛

…
…

𝒚

𝑊3

𝒃3

𝒚 = 𝑓 𝒙;𝑊1, 𝒃1,𝑊2, 𝒃2,𝑊3, 𝒃3
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Learning Motion Models

32

𝑥𝑡 = 𝑓 𝑥𝑡−1; 𝜃

𝑥𝑡−1 𝑓 𝜃 𝑥𝑡

(𝑥𝑡−1, 𝑥𝑡)

Train

𝜃 = 𝑊1, 𝒃1,𝑊2, 𝒃2, …
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Learning Motion Models

33

𝑥𝑡 = 𝑓 𝑥𝑡−1; 𝜃

𝑥𝑡−1 𝑓 𝜃 𝑥𝑡

(𝑥𝑡−1, 𝑥𝑡)

Train

𝜃 = 𝑊1, 𝒃1,𝑊2, 𝒃2, …

𝐹 𝜃 = σ 𝑥𝑡−1,𝑥𝑡
𝑓 𝑥𝑡−1; 𝜃 − 𝑥𝑡

Given a set of example transitions

Find 𝜃 = 𝑊1, 𝒃1,𝑊2, 𝒃2, … that 
minimizes

(𝑥𝑡−1, 𝑥𝑡) ∼ 𝑝 𝑿
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Learning Motion Models

34

∇𝜃𝐹 𝜃 ≈ σ𝑖 ∇𝜃 𝑓 𝑥𝑡−1
𝑖
; 𝜃 − 𝑥𝑡

𝑖

Stochastic Gradient Descent: 

update 𝜃 = 𝑊1, 𝒃1,𝑊2, 𝒃2, … as

For a batch of random sample (𝑥𝑡−1
𝑖
, 𝑥𝑡

𝑖
) ∼ (𝑥𝑡−1, 𝑥𝑡)

Compute the approximate gradient

𝜃 ← 𝜃 − 𝛼∇𝜃𝐹 𝜃
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Learning Motion Models

35

Stochastic Gradient Descent: 

update 𝜃 = 𝑊1, 𝒃1,𝑊2, 𝒃2, … as

For a batch of random sample (𝑥𝑡−1
𝑖
, 𝑥𝑡

𝑖
) ∼ (𝑥𝑡−1, 𝑥𝑡)

Compute the approximate gradient

𝜃 ← 𝜃 − 𝛼∇𝜃𝐹 𝜃

using
backpropagation 

∇𝜃𝐹 𝜃 ≈ σ𝑖 ∇𝜃 𝑓 𝑥𝑡−1
𝑖
; 𝜃 − 𝑥𝑡

𝑖
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Ambiguity Issue

36

𝑥𝑡 = 𝑓 𝑥𝑡−1
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Ambiguity Issue

37

𝑥𝑡 = 𝑓 𝑥𝑡−1
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Ambiguity Issue

38

𝑥𝑡 = 𝑓 𝑥𝑡−1
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Ambiguity Issue

39

𝑥𝑡 = 𝑓 𝑥𝑡−1

𝑥𝑡−1
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Ambiguity Issue

40

𝑥𝑡 = 𝑓 𝑥𝑡−1

𝑥𝑡? 𝑥𝑡?

𝑥𝑡?

𝑥𝑡−1
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Hidden Variables

41

𝑥𝑡? 𝑥𝑡?

𝑥𝑡?

𝑥𝑡−1

𝑥𝑡 = 𝑓 𝑥𝑡−1; 𝑧
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PFNN: Phase-Functioned Neural Networks

42

*SIGGRAPH 2017
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PFNN: Phase-Functioned Neural Networks

43

𝑥𝑡 = 𝑓 𝑥𝑡−1; 𝑧𝑡

𝑧𝑡 →
control parameters

phase parameter
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PFNN: Phase-Functioned Neural Networks

44

phases of a walking gait cycle

Pirker and Katzenschlager 2017. 
Gait disorders in adults and the elderly. 
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PFNN: Phase-Functioned Neural Networks

45

𝑥𝑡 = 𝑓 𝑥𝑡−1; 𝑧𝑡 𝑧𝑡 = (𝑐𝑡 , 𝜙𝑡)

𝜙 = 0.0 0.5 1.0

0.0 0.5 1
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Mixture of Experts

46

𝑥 𝑓 𝜃 𝑦
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Mixture of Experts

47

𝑥

𝑓 𝜃1

𝑦

𝑓 𝜃1

𝑓 𝜃𝑁

…
…

𝑤1

𝑤2

𝑤3

𝑦 =

𝑖

𝑤𝑖𝑓 𝑥; 𝜃𝑖
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Weighted-Blended Mixture of Experts

48

𝑥

𝑓 𝜃1

𝑦

𝑓 𝜃1

𝑓 𝜃1

…
…

𝑤1

𝑤2

𝑤3

𝑓 

𝑖

𝑤𝑖𝜃𝑖

𝑦 = 𝑓 𝑥;

𝑖

𝑤𝑖𝜃𝑖

𝜃1 𝜃2 𝜃𝑛……

𝑤𝑖
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PFNN: Phase-Functioned Neural Networks

49

𝑥𝑡 = 𝑓 𝑥𝑡−1; 𝑐𝑡, 𝜃𝑡 =

𝑖

𝑤𝑖 𝜙𝑡 𝜃𝑖

𝜙 = 0.0 0.5 1.0

0.0 0.5 1
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PFNN: Phase-Functioned Neural Networks

50

𝑥𝑡 = 𝑓 𝑥𝑡−1; 𝑐𝑡, 𝜃𝑡 =

𝑖

𝑤𝑖 𝜙𝑡 𝜃𝑖

Cubic Catmull-Rom Spline:

𝜃𝑡 = 𝜃2

+ 𝜙 −
1

2
𝜃1 +

1

2
𝜃3

+ 𝜙2 𝜃1 −
5

2
𝜃2 + 2𝜃3 −

1

2
𝜃4

+ 𝜙3 −
1

2
𝜃1 +

3

2
𝜃2 −

3

2
𝜃3 +

1

2
𝜃4

𝜃1

𝜃2

𝜃3

𝜃4

𝝓
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PFNN: Phase-Functioned Neural Networks

51[Holden et al. 2017]
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Advanced Phase Functions

52

𝑥 𝑦𝑓 

𝑖

𝑤𝑖𝜃𝑖

𝜃1 𝜃2 𝜃𝑛……

𝑤𝑖
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Advanced Phase Functions

53

𝑥 𝑦𝑓 

𝑖

𝑤𝑖𝜃𝑖

𝜃1 𝜃2 𝜃𝑛……

𝑤𝑖
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Advanced Phase Functions

54

𝑥 𝑦𝑓 

𝑖

𝑤𝑖𝜃𝑖

𝜃1 𝜃2 𝜃𝑛……

𝑤𝑖
Gating 

Network
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Advanced Phase Functions

55

𝑥 𝑦𝑓 

𝑖

𝑤𝑖𝜃𝑖

𝜃1 𝜃2 𝜃𝑛……

Gating 
Network

𝑤𝑖

*SIGGRAPH 2018

*SIGGRAPH 2020

*SIGGRAPH 2022
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[Starke et al. 2022]
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𝑥𝑡

….

𝑓 𝑥𝑡−1; 𝑧

… , 𝑥𝑡−3, 𝑥𝑡−2, 𝑥𝑡−1
𝑝 𝑋 𝑧 = 𝑝 𝑥1, … , 𝑥𝑇 𝑧

= 𝑝 𝑥1 ෑ

𝑡

𝑝 𝑥𝑡 𝑥𝑡−1; 𝑧
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𝑝 𝑥
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𝑝 𝑥 𝑧

𝑧 ∼ 𝒩 0,1

𝑓 𝑧

𝑝 𝑥
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𝑧 ∼ 𝒩 0,1

𝑓 𝑧

Variational
Autoencoders

𝑔 𝑥

𝑧 ∼ 𝒩 0,1

𝑓 𝑧

Generative 
Adversarial 

Network

𝑝(𝑥)

𝑝(𝑥)

Discriminator

Real?

Fake?
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𝑧 ∼ 𝒩 0,1

Diffusion
Models

𝑧 ∼ 𝒩 0,1

𝑓 𝑧

𝑓−1 𝑧Normalizing
Flows

𝑝(𝑥)

𝑝(𝑥)

+noise +noise +noise……

-noise -noise -noise……
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[Ling et al. 2021 Character Controllers Using Motion VAEs] [Henter et al. 2020, MoGlow: Probabilistic and Controllable 
Motion Synthesis Using Normalising Flows]
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[Zhang et al. 2022, arXiv,  MotionDiffuse: Text-Driven 
Human Motion Generation with Diffusion Model]

[Tevet et al. 2022, arXiv, 
MDM: Human Motion Diffusion Model]
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Outline

• Learning-based Character Animation (cont.)
• Motion Models

• Autoregressive models: PFNN

• Generative models
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