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Welcome & Course Information

• Exercise:

• Codebase: https://github.com/GAMES-105/GAMES-105

• Submission: http://cn.ces-alpha.org/course/register/GAMES-105-Animation-2022/

• Register code: GAMES-FCA-2022 

• BBS: https://github.com/GAMES-105/GAMES-105/discussions

• QQ Group: 533469817 
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https://github.com/GAMES-105/GAMES-105
http://cn.ces-alpha.org/course/register/GAMES-105-Animation-2022/
https://github.com/GAMES-105/GAMES-105/discussions
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Outline

• Character Kinematics (cont.)
• Motion Retargeting

• Full-body IK

• Keyframe Animation
• Interpolation and splines
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Recap: Character Kinematics
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Forward Kinematics Inverse Kinematics
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Recap: Forward Kinematics

joint

link
bone
body
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Recap: Skeleton
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Recap: Forward Kinematics
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Recap: Forward Kinematics
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Recap: Forward Kinematics
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Recap: Forward Kinematics
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Recap: motion data in a file

• BVH files
• One of the most-used file format 

for motion data

• View in blender, FBX review, 
Motion Builder, etc.

• Text-based, easy to read and edit

• Format
• HIERARCHY: defining T-pose of 

the character

• MOTION: root position and Euler 
angles of each joints
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distance to parent joint

position channels rotation channels

See: https://research.cs.wisc.edu/graphics/Courses/cs-838-1999/Jeff/BVH.html

Euler axes, in extrinsic / 
fixed angles convention. 
Here 𝑅 = 𝑅𝑧𝑅𝑥𝑅𝑦

https://research.cs.wisc.edu/graphics/Courses/cs-838-1999/Jeff/BVH.html
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Posed Character
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T-Pose
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𝑅𝑖 = 𝐼

The pose with zero/identity rotation
Bind pose / Reference pose
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T-Pose? A-Pose?

or
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Same motion under different reference poses
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Rotate arms up by 90°
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Same motion under different reference poses
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Rotate arms up by 90°
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Same motion under different reference poses
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Rotate arms down by 90°
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Same motion under different reference poses
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Rotate arms down by 90°
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Same motion under different reference poses
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Retargeting between reference poses
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𝑅𝐴

A

known
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Retargeting between reference poses
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B

𝑅𝐵

known unknown

𝑅𝐴
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Retargeting between reference poses

29

𝑅𝐵 ⇐ 𝑅𝐴 ? ?

known unknown

B

𝑅𝐵𝑅𝐴

A
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Retargeting for a single object

30

BA

𝑅𝐴
0 = 𝐼

𝑅𝐵
0 = 𝐼
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Retargeting for a single object
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Retargeting for a single object

32

𝑅𝐴

𝑅𝐴→𝐵

BA

𝑅𝐴
0 = 𝐼

𝑅𝐵
0 = 𝐼



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Retargeting for a single object
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𝑅𝐵 = ?
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Retargeting for a single object
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Retargeting for a single object
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Retargeting for a single object
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Retargeting for a single object
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Retargeting for a single object

38

BA
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Retargeting for a chain of links
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𝑝𝑖 𝑖

𝑖

𝑝𝑖

BA

𝑝𝑖: parent of 𝑖
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Retargeting for a chain of links
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𝑝𝑖 𝑖

𝑖

𝑝𝑖

𝑄𝑖
𝐴→𝐵

Global Orientation Offset

BA

𝑝𝑖: parent of 𝑖
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Retargeting for a chain of links

41

𝑝𝑖 𝑖

𝑖

𝑝𝑖

𝑄𝑝𝑖
𝐴→𝐵

Global Orientation Offset

𝑄𝑖
𝐴→𝐵

BA

𝑝𝑖: parent of 𝑖



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Retargeting for a chain of links
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Retargeting for a chain of links
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Retargeting for a chain of links
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Retargeting for a chain of links
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Retargeting for a chain of links
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𝑄𝐵 = 𝑄𝐴 𝑄𝐴→𝐵 T
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Retargeting for a chain of links
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Retargeting for a chain of links
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𝐵 = 𝑄𝑝𝑖

𝐵 𝑇
𝑄𝑖
𝐵
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Retargeting for a chain of links
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Retargeting for a chain of links
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𝐴 𝑄𝑖

𝐴→𝐵 𝑇
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Retargeting for a chain of links

51

𝑝𝑖 𝑖

𝑖

𝑝𝑖

Global Orientation Offset

𝑝𝑖

𝑖𝑅𝑝𝑖
𝐴

𝑅𝑖
𝐴

𝑄𝑝𝑖
𝐴→𝐵 𝑄𝑖

𝐴→𝐵

BA

Joint Rotations

𝑅𝑝𝑖
𝐵

𝑅𝑖
𝐵

𝑅𝑖
𝐵 = 𝑄𝑝𝑖

𝐴→𝐵𝑅𝑖
𝐴 𝑄𝑖

𝐴→𝐵 𝑇

𝑅𝑝𝑖
𝐵 = 𝑅𝑝𝑖

𝐴 𝑄𝑝𝑖
𝐴→𝐵 𝑇
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Retargeting between reference poses

52

known unknown

B

𝑅𝐵𝑅𝐴

A

𝑅𝐵 ⇐ 𝑅𝐴 ? ?
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Retargeting between reference poses

53

known unknown

B

𝑅𝐵𝑅𝐴

A

𝑄𝐴→𝐵

𝑅𝑖
𝐵 = 𝑄𝑝𝑖

𝐴→𝐵𝑅𝑖
𝐴 𝑄𝑖

𝐴→𝐵 𝑇
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Recap: Character Kinematics

54

Forward Kinematics Inverse Kinematics
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Recap: IK as an Optimization Problem

55

𝒙𝑅(𝜽1)

𝑅(𝜽0)

𝑅(𝜽2)

𝑅(𝜽3)

𝑅(𝜽4)

𝒙 = 𝑓 𝜽4

Find 𝜽 such that 

𝒙 − 𝑓 𝜽 = 0
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Recap: IK as an Optimization Problem

56

𝒙𝑅(𝜽1)

𝑅(𝜽0)

𝑅(𝜽2)

𝑅(𝜽3)

𝑅(𝜽4)

𝒙 = 𝑓 𝜽4

Find 𝜽 to optimize

min
𝜽

1

2
𝑓 𝜽 − 𝒙 2

2
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Recap: Cyclic Coordinate Descent (CCD)

57

𝜃0

𝜃1

𝜽0 𝜽1

Update parameters along each 
axis of the coordinate system

𝜽2
Iterate cyclically through all axes

min
𝜃𝑗

1

2
𝑓 𝜃0

𝑖 , … , 𝜃𝑗
𝑖 , … , 𝜃𝑛

𝑖 − 𝒙
2

2

𝜽𝑖+1 = 𝜃0
𝑖 , … , 𝜃𝑗

𝑖+1 , … , 𝜃𝑛
𝑖
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Cyclic Coordinate Descent (CCD) IK

58

𝒙

𝒙4

Rotate joint 3 such that 
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4

Cyclic Coordinate Descent (CCD) IK

59

𝒙
Rotate joint 3 such that 𝒍34 points towards 𝒙

𝒙
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Cyclic Coordinate Descent (CCD) IK

60

𝒙
Rotate joint 3 such that 𝒍34 points towards 𝒙

𝒙

Rotate joint 2 such that 𝒍24 points towards 𝒙
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Cyclic Coordinate Descent (CCD) IK

61

𝒙
Rotate joint 3 such that 𝒍34 points towards 𝒙

Rotate joint 2 such that 𝒍24 points towards 𝒙
𝒙
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Cyclic Coordinate Descent (CCD) IK

62

𝒙
Rotate joint 3 such that 𝒍34 points towards 𝒙

Rotate joint 2 such that 𝒍24 points towards 𝒙
𝒙

Rotate joint 1 such that 𝒍14 points towards 𝒙
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Cyclic Coordinate Descent (CCD) IK

63

𝒙
Rotate joint 3 such that 𝒍34 points towards 𝒙

Rotate joint 2 such that 𝒍24 points towards 𝒙
𝒙

Rotate joint 1 such that 𝒍14 points towards 𝒙

Rotate joint 0 such that 𝒍14 points towards 𝒙
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Cyclic Coordinate Descent (CCD) IK

64

𝒙
Rotate joint 3 such that 𝒍34 points towards 𝒙

Rotate joint 2 such that 𝒍24 points towards 𝒙

Rotate joint 1 such that 𝒍14 points towards 𝒙

Rotate joint 0 such that 𝒍14 points towards 𝒙

Rotate joint 3 such that 𝒍34
′ points towards 𝒙

𝒙

……
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4

Cyclic Coordinate Descent (CCD) IK

65

𝒙
Rotate joint 3 such that 𝒍34 points towards 𝒙

𝒙
min
𝜃3

𝐹 𝜽

= min
𝜃3

1

2
𝑓 𝜃0, 𝜃1, 𝜃2, 𝜃3 − 𝒙 2

2
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Cyclic Coordinate Descent (CCD) IK

66

Rotate joint 3 such that 𝒍34 points towards 𝒙

𝒙

𝒙

What if link 2 cannot rotate
but can stretch?
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Cyclic Coordinate Descent (CCD) IK

67

𝒙

Rotate joint 3 such that 𝒍34 points towards 𝒙

𝒙
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Cyclic Coordinate Descent (CCD) IK

68

Rotate joint 3 such that 𝒍34 points towards 𝒙

Stretch link 2 such that …?

What if link 2 cannot rotate
but can stretch?

𝒙

𝒙
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Cyclic Coordinate Descent (CCD) IK

69

Rotate joint 3 such that 𝒍34 points towards 𝒙

What if link 2 cannot rotate
but can stretch?

𝒙
Stretch link 2 such that …?

𝒙
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Cyclic Coordinate Descent (CCD) IK

70

Rotate joint 3 such that 𝒍34 points towards 𝒙

What if link 2 cannot rotate
but can stretch?

min
𝜃2

𝐹 𝜽

= min
𝜃2

1

2
𝑓 𝜃0, 𝜃1, 𝜃2, 𝜃3 − 𝒙 2

2

𝒙
Stretch link 2 such that …?

𝒙
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Cyclic Coordinate Descent (CCD) IK

71

Rotate joint 3 such that 𝒍34 points towards 𝒙

What if link 2 cannot rotate
but can stretch?

min
𝜃2

𝐹 𝜽

= min
𝜃2

1

2
𝑓 𝜃0, 𝜃1, 𝜃2, 𝜃3 − 𝒙 2

2

𝒙
Stretch link 2 such that …?

𝒙
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Cyclic Coordinate Descent (CCD) IK

72

Rotate joint 3 such that 𝒍34 points towards 𝒙

What if link 2 cannot rotate
but can stretch?

min
𝜃2

𝐹 𝜽

= min
𝜃2

1

2
𝑓 𝜃0, 𝜃1, 𝜃2, 𝜃3 − 𝒙 2

2

𝒙
Stretch link 2 such that …?

𝒙
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Cyclic Coordinate Descent (CCD) IK

73

Rotate joint 3 such that 𝒍34 points towards 𝒙

What if link 2 cannot rotate
but can stretch?

min
𝜃2

𝐹 𝜽

= min
𝜃2

1

2
𝑓 𝜃0, 𝜃1, 𝜃2, 𝜃3 − 𝒙 2

2

𝒙
Stretch link 2 such that 𝒙 − 𝒙 ⊥ 𝒍23

𝒙
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Cyclic Coordinate Descent (CCD) IK

74

Rotate joint 3 such that 𝒍34 points towards 𝒙

𝒙
Stretch link 2 such that 𝒙 − 𝒙 ⊥ 𝒍23

𝒙 Rotate joint 1 such that 𝒍14 points towards 𝒙
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Cyclic Coordinate Descent (CCD) IK

75

Rotate joint 3 such that 𝒍34 points towards 𝒙

𝒙

𝒙
Stretch link 2 such that 𝒙 − 𝒙 ⊥ 𝒍23

Rotate joint 1 such that 𝒍14 points towards 𝒙

……
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Cyclic Coordinate Descent (CCD) IK

76

Rotate joint 3 such that 𝒍34 points towards 𝒙

𝒙

𝒙
Stretch link 2 such that 𝒙 − 𝒙 ⊥ 𝒍23

Rotate joint 1 such that 𝒍14 points towards 𝒙

……
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Cyclic Coordinate Descent (CCD) IK

77

Rotate joint 3 such that 𝒍34 points towards 𝒙

𝒙

𝒙
Stretch link 2 such that 𝒙 − 𝒙 ⊥ 𝒍23

Rotate joint 1 such that 𝒍14 points towards 𝒙

……
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Cyclic Coordinate Descent (CCD) IK

78

Rotate joint 3 such that 𝒍34 points towards 𝒙

𝒙

𝒙
Stretch link 2 such that 𝒙 − 𝒙 ⊥ 𝒍23

Rotate joint 1 such that 𝒍14 points towards 𝒙

……
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Cyclic Coordinate Descent (CCD) IK

79

Rotate joint 3 such that 𝒍34 points towards 𝒙

𝒙

𝒙
Stretch link 2 such that 𝒙 − 𝒙 ⊥ 𝒍23

Rotate joint 1 such that 𝒍14 points towards 𝒙

……



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Cyclic Coordinate Descent (CCD) IK

80

Rotate joint 3 such that 𝒍34 points towards 𝒙

𝒙

𝒙
Stretch link 2 such that 𝒙 − 𝒙 ⊥ 𝒍23

Rotate joint 1 such that 𝒍14 points towards 𝒙

……
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Cyclic Coordinate Descent (CCD) IK

81

Rotate joint 3 such that 𝒍34 points towards 𝒙

𝒙

𝒙
Stretch link 2 such that 𝒙 − 𝒙 ⊥ 𝒍23

Rotate joint 1 such that 𝒍14 points towards 𝒙

……
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Recap: Jacobian Methods

82

𝐽 =
𝜕𝑓

𝜕𝜽
=

𝜕𝑓

𝜕𝜃0

𝜕𝑓

𝜕𝜃1
⋯

𝜕𝑓

𝜕𝜃𝑛

𝜽𝑖+1 = 𝜽𝑖 − 𝛼𝐽𝑇Δ

𝒙𝑅(𝜽1)

𝑅(𝜽0)

𝑅(𝜽2)

𝑅(𝜽3)

𝑅(𝜽4)

𝒙 = 𝑓 𝜽4

𝚫 = 𝒙 − 𝒙

Jacobian
Matrix

Jacobian Transpose Method

𝜽𝑖+1 = 𝜽𝑖 − 𝛼𝐽+Δ

Jacobian Inverse Method
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Geometric Method for Jacobian Matrix

83

𝜕𝑓

𝜕𝜃1
= 𝒂1 × 𝒓1

𝐽

𝜕𝑓

𝜕𝜃2
= 𝒂2 × 𝒓2

Assuming all joints are hinge joint

𝑎𝑖

4
𝒙

𝑟𝑖

𝒙′

𝛿𝜃𝑖
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Geometric Method for Jacobian Matrix

84

4
𝑟𝑖

𝒙

How to deal with ball joints? If a ball joint is parameterized as Euler angles:
𝑅𝑖 = 𝑅𝑖𝑥𝑅𝑖𝑦𝑅𝑖𝑧

Then it can be considered as a compound 
joint with three hinge joints

𝑎𝑖𝑥

𝑎𝑖𝑦

𝑎𝑖𝑧
𝜕𝑓

𝜕𝜽𝑖
=

𝜕𝑓

𝜕𝜃𝑖𝑥

𝜕𝑓

𝜕𝜃𝑖𝑦

𝜕𝑓

𝜕𝜃𝑖𝑧

𝜕𝑓

𝜕𝜃𝑖∗
= 𝒂𝑖∗ × 𝒓𝑖

𝐽
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Geometric Method for Jacobian Matrix

85

4
𝑟𝑖

𝒙

How to deal with ball joints? If a ball joint is parameterized as Euler angles:
𝑅𝑖 = 𝑅𝑖𝑥𝑅𝑖𝑦𝑅𝑖𝑧

Then it can be considered as a compound 
joint with three hinge joints

Note: rotation axes are

𝒂𝑖𝑥 = 𝑄𝑖−1𝒆𝑥

𝒂𝑖𝑦 = 𝑄𝑖−1𝑅𝑖𝑥𝒆𝑦

𝒂𝑖𝑧 = 𝑄𝑖−1𝑅𝑖𝑥𝑅𝑖𝑦𝒆𝑧

𝑎𝑖𝑥

𝑎𝑖𝑦

𝑎𝑖𝑧

𝜕𝑓

𝜕𝜃𝑖∗
= 𝒂𝑖∗ × 𝒓𝑖
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Geometric Method for Jacobian Matrix

86

4
𝑟𝑖

𝒙

How to deal with ball joints? If a ball joint is parameterized as Euler angles:
𝑅𝑖 = 𝑅𝑖𝑥𝑅𝑖𝑦𝑅𝑖𝑧

Then it can be considered as a compound 
joint with three hinge joints

𝑎𝑖𝑥

𝑎𝑖𝑦

𝑎𝑖𝑧
𝑅𝑖𝑥𝑅𝑖𝑦

𝑦

𝑥

𝑧
𝑅𝑥

𝑦

𝑥

𝑧

𝑅𝑦

Axis: 𝒆𝒙 Axis: 𝑅𝑖𝑥𝒆𝒚



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Geometric Method for Jacobian Matrix

87

If a ball joint is parameterized as Euler angles:
𝑅𝑖 = 𝑅𝑖𝑥𝑅𝑖𝑦𝑅𝑖𝑧

Then it can be considered as a compound 
joint with three hinge joints

𝑅𝑖𝑥𝑅𝑖𝑦

Axis: 𝑄𝑖−1𝒆𝒙 Axis: 𝑄𝑖−1𝑅𝑖𝑥𝒆𝒚

4
𝑟𝑖

𝒙

How to deal with ball joints?

𝑎𝑖𝑥

𝑎𝑖𝑦

𝑎𝑖𝑧
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Geometric Method for Jacobian Matrix

88

If a ball joint is parameterized as Euler angles:
𝑅𝑖 = 𝑅𝑖𝑥𝑅𝑖𝑦𝑅𝑖𝑧

Then it can be considered as a compound 
joint with three hinge joints

Note: rotation axes are

𝒂𝑖𝑥 = 𝑄𝑖−1𝒆𝑥

𝒂𝑖𝑦 = 𝑄𝑖−1𝑅𝑖𝑥𝒆𝑦

𝒂𝑖𝑧 = 𝑄𝑖−1𝑅𝑖𝑥𝑅𝑖𝑦𝒆𝑧

𝜕𝑓

𝜕𝜃𝑖∗
= 𝒂𝑖∗ × 𝒓𝑖

𝜕𝑓

𝜕𝜃𝑖∗
= 𝒂𝑖∗ × 𝒓𝑖

4
𝑟𝑖

𝒙

How to deal with ball joints?

𝑎𝑖𝑥

𝑎𝑖𝑦

𝑎𝑖𝑧

𝐽
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Geometric Method for Jacobian Matrix

89

𝜕𝑓

𝜕𝜃𝑖
= 𝜃𝒖 × 𝒓𝑖

𝜕𝑓

𝜕𝜃𝑖∗
= 𝒂𝑖∗ × 𝒓𝑖

4
𝑟𝑖

𝒙

How to deal with ball joints?

𝑎𝑖𝑥

𝑎𝑖𝑦

𝑎𝑖𝑧

𝐽

Can we parameterize a ball joint using axis-
angle 𝜃𝒖 and compute Jacobian as

???
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Geometric Method for Jacobian Matrix

90

𝜕𝑓

𝜕𝜃𝑖
= 𝜃𝒖 × 𝒓𝑖

𝜕𝑓

𝜕𝜃𝑖∗
= 𝒂𝑖∗ × 𝒓𝑖

4
𝑟𝑖

𝒙

How to deal with ball joints?

𝑎𝑖𝑥

𝑎𝑖𝑦

𝑎𝑖𝑧

𝐽

Can we parameterize a ball joint using axis-
angle 𝜃𝒖 and compute Jacobian as

???

NO!

Jacobian for axis-angle representation has a 
rather complicated formulation…
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Recap: Character IK

91
Human Body Rig in Blender  https://www.youtube.com/watch?v=MAM7mF2v7dE
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Character IK

92

𝐹 𝜃 =
1

2


𝑖

𝑓𝑖 𝜽 − 𝒙𝒊 2
2 +

𝜆

2
𝜽 2

2

𝒙𝟏
𝒙𝟐

𝒙𝟑

𝜽 = 𝒕0, 𝑅0, 𝑅1, 𝑅2, ……



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Full-body IK

93

𝒙𝟏

A simple kinematic chain:
IK is directly applicable
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Full-body IK

94

𝒙𝟏

The kinematic chain passes the root joint…

𝒕0, 𝑅0, 𝑅1, 𝑅2, ……

root internal joints 
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Full-body IK

95

𝒙𝟏 The kinematic chain passes the root joint…

• Apply IK to the chain

• Set root transformation based on 
the FK along the chain

• Revert joint rotations between 
the foot and the root
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Full-body IK

96

𝒙𝟏

The kinematic chain passes the root joint…

• Apply IK to the chain

• Revert joint rotations between 
the foot and the root

• Set root transformation based on 
the FK along the chain
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Full-body IK

97

𝒙𝟏

Two constraints….

• Formulate optimization problems

• Consider one constraint each time, 
then fix the broken one
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Character Rig

98

Created Multiple IK chains

User activates several IK chains each time, 
the joints controlled by the other IK chains 
can move freely
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Recap: Character IK
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Human Body Rig in Blender  https://www.youtube.com/watch?v=MAM7mF2v7dE



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Questions?

100



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Keyframe Animation and 
Interpolation

101
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Origin of Animation: Zoetrope

102
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Keyframe Animation

103

Keyframe Keyframe Keyframe
In-betweens
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Interpolation Between Keyframes

104
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Interpolation

• Given a set of data pairs D = 𝑥𝑖 , 𝑦𝑖 |𝑖 = 0, … , 𝑁 , 
find a function 𝑓 𝑥 such that

𝑓(𝑥)?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑓 𝑥𝑖 = 𝑦𝑖 , ∀ 𝑥𝑖 , 𝑦𝑖 ∈ 𝐷



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Interpolation

• Given a set of data pairs D = 𝑥𝑖 , 𝑦𝑖 |𝑖 = 0, … , 𝑁 , 
find a function 𝑓 𝑥 such that

𝑓(𝑥)?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑓 𝑥𝑖 = 𝑦𝑖 , ∀ 𝑥𝑖 , 𝑦𝑖 ∈ 𝐷



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Interpolation

• Interpolation / Extrapolation

𝑓(𝑥)?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑓 𝑥𝑖 = 𝑦𝑖 , ∀ 𝑥𝑖 , 𝑦𝑖 ∈ 𝐷

𝑓(𝑥)?
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Stepped Interpolation

?

𝑓 𝑥 = 𝑦1

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5
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Stepped Interpolation

?

𝑓 𝑥 = 𝑦1

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5
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Linear Interpolation

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑓 𝑥 = 𝑦1 +
𝑦2 − 𝑦1
𝑥2 − 𝑥1

𝑥 − 𝑥1
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Linear Interpolation

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑓 𝑥 = 𝑦1 +
𝑥 − 𝑥1
𝑥2 − 𝑥1

𝑦2 − 𝑦1
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Linear Interpolation

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑓 𝑥 = 𝑦1 + 𝑡 𝑦2 − 𝑦1
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Linear Interpolation

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑓 𝑥 = 1 − 𝑡 𝑦1 + 𝑡𝑦2
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Smoothness

114

Discontinuity 𝐶0-continuity 𝐶1-continuity 𝐶2-continuity

positions coincide positions coincide

velocity coincide

positions coincide

velocity coincide

acceleration coincide
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Nonlinear Interpolation?

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑓 𝑥 = ?
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Polynomial Interpolation

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑓 𝑥 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 +⋯+ 𝑎𝑛𝑥

𝑛
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Polynomial Interpolation

𝑓 𝑥 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 +⋯+ 𝑎𝑛𝑥

𝑛

𝑓 𝑥0 = 𝑎0 + 𝑎1𝑥0 + 𝑎2𝑥0
2 +⋯+ 𝑎𝑛𝑥0

𝑛 = 𝑦0

For any data point in D = 𝑥𝑖 , 𝑦𝑖 |𝑖 = 0,… ,𝑁
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Polynomial Interpolation

𝑓 𝑥 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 +⋯+ 𝑎𝑛𝑥

𝑛

𝑓 𝑥0 = 𝑎0 + 𝑎1𝑥0 + 𝑎2𝑥0
2 +⋯+ 𝑎𝑛𝑥0

𝑛 = 𝑦0
𝑓 𝑥1 = 𝑎0 + 𝑎1𝑥1 + 𝑎2𝑥1

2 +⋯+ 𝑎𝑛𝑥1
𝑛 = 𝑦1

𝑓 𝑥2 = 𝑎0 + 𝑎1𝑥2 + 𝑎2𝑥2
2 +⋯+ 𝑎𝑛𝑥2

𝑛 = 𝑦2
……
𝑓 𝑥𝑁 = 𝑎0 + 𝑎1𝑥𝑁 + 𝑎2𝑥𝑁

2 +⋯+ 𝑎𝑛𝑥𝑁
𝑛 = 𝑦𝑁

For any data point in D = 𝑥𝑖 , 𝑦𝑖 |𝑖 = 0,… ,𝑁
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Polynomial Interpolation

𝑓 𝑥 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 +⋯+ 𝑎𝑛𝑥

𝑛

1 𝑥0 𝑥0
2 ⋯ 𝑥0

𝑛

1 𝑥1 𝑥1
2 ⋯ 𝑥1

𝑛

⋮ ⋮ ⋮ ⋱ ⋮
1 𝑥𝑁 𝑥𝑁

2 ⋯ 𝑥𝑁
𝑛

𝑎0
𝑎1
⋮
𝑎𝑛

=

𝑦0
𝑦1
⋮
𝑦𝑁

Data point set D = 𝑥𝑖 , 𝑦𝑖 |𝑖 = 0,… ,𝑁
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Polynomial Interpolation

𝑓 𝑥 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 +⋯+ 𝑎𝑛𝑥

𝑛

𝑎0
𝑎1
⋮
𝑎𝑛

=

1 𝑥0 𝑥0
2 ⋯ 𝑥0

𝑛

1 𝑥1 𝑥1
2 ⋯ 𝑥1

𝑛

⋮ ⋮ ⋮ ⋱ ⋮
1 𝑥𝑁 𝑥𝑁

2 ⋯ 𝑥𝑁
𝑛

−1
𝑦0
𝑦1
⋮
𝑦𝑁

Data point set D = 𝑥𝑖 , 𝑦𝑖 |𝑖 = 0,… ,𝑁
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Polynomial Interpolation

𝑓 𝑥 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 +⋯+ 𝑎𝑛𝑥

𝑛

Data point set D = 𝑥𝑖 , 𝑦𝑖 |𝑖 = 0,… ,𝑁

We need 𝑛 = 𝑁 − 1 -degree polynomial to fit 𝑁 data points! 

𝑎0
𝑎1
⋮
𝑎𝑛

=

1 𝑥0 𝑥0
2 ⋯ 𝑥0

𝑛

1 𝑥1 𝑥1
2 ⋯ 𝑥1

𝑛

⋮ ⋮ ⋮ ⋱ ⋮
1 𝑥𝑁 𝑥𝑁

2 ⋯ 𝑥𝑁
𝑛

−1
𝑦0
𝑦1
⋮
𝑦𝑁
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Polynomial Interpolation

• Runge's phenomenon
• High-degree polynomial can oscillate at the 

edges of an interval

• So low-degree polynomials are preferred
• But how?

𝑓 𝑥 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 +⋯+ 𝑎15𝑥

15

We need 𝑛 = 𝑁 − 1 -degree 
polynomial to fit 𝑁 data points! 
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Spline Interpolation

• Interpolation using low-degree piecewise polynomials 
• 𝑓 𝑥 = 𝑆𝑖 𝑥 ,when 𝑥 ∈ 𝑥𝑖 , 𝑥𝑖+1

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5
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Spline Interpolation

• Interpolation using low-degree piecewise polynomials 
• Degree 1 → piecewise linear interpolation

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑆𝑖 𝑥 = 𝑦𝑖 +
𝑦𝑖+1 − 𝑦𝑖
𝑥𝑖+1 − 𝑥𝑖

(𝑥 − 𝑥𝑖)
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Spline Interpolation

• Interpolation using low-degree piecewise polynomials 
• Third-degree polynomials → Cubic Splines

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑆𝑖 𝑥 = 𝑎𝑖𝑥
3 + 𝑏𝑖𝑥

2 + 𝑐𝑖𝑥 + 𝑑𝑖
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Spline
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Cubic Splines

• For a set of data points D = 𝑥𝑖 , 𝑦𝑖 |𝑖 = 0,… , 𝑁

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑆𝑖 𝑥 = 𝑎𝑖𝑥
3 + 𝑏𝑖𝑥

2 + 𝑐𝑖𝑥 + 𝑑𝑖
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Cubic Splines

• For a set of data points D = 𝑥𝑖 , 𝑦𝑖 |𝑖 = 0,… , 𝑁

• There are 𝑁 segments, 4𝑁 unknown parameters

𝑆𝑖 𝑥 = 𝑎𝑖𝑥
3 + 𝑏𝑖𝑥

2 + 𝑐𝑖𝑥 + 𝑑𝑖
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Cubic Splines

• For a set of data points D = 𝑥𝑖 , 𝑦𝑖 |𝑖 = 0,… , 𝑁

• There are 𝑁 segments, 4𝑁 unknown parameters

𝑆𝑖 𝑥 = 𝑎𝑖𝑥
3 + 𝑏𝑖𝑥

2 + 𝑐𝑖𝑥 + 𝑑𝑖

𝑆𝑖 𝑥𝑖 = 𝑦𝑖 , 𝑆𝑖 𝑥𝑖+1 = 𝑦𝑖+1

𝑆𝑖−1
′ 𝑥𝑖 = 𝑆𝑖

′ 𝑥𝑖

𝑆𝑖−1
′′ 𝑥𝑖 = 𝑆𝑖

′′ 𝑥𝑖

𝑆0
′ 𝑥0 , 𝑆𝑛−1

′ 𝑥𝑛 , 𝑆0
′′ 𝑥0 , 𝑆𝑛−1

′′ 𝑥𝑛

Interpolation condition:

𝐶1 continuity:

𝐶2 continuity:

boundary condition:

Linear Equation
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Cubic Splines

• For a set of data points D = 𝑥𝑖 , 𝑦𝑖 |𝑖 = 0,… , 𝑁

• There are 𝑁 segments, 4𝑁 unknown parameters

𝑆𝑖 𝑥𝑖 = 𝑦𝑖 , 𝑆𝑖 𝑥𝑖+1 = 𝑦𝑖+1

𝑆𝑖−1
′ 𝑥𝑖 = 𝑆𝑖

′ 𝑥𝑖

𝑆𝑖−1
′′ 𝑥𝑖 = 𝑆𝑖

′′ 𝑥𝑖

𝑆0
′ 𝑥0 , 𝑆𝑛−1

′ 𝑥𝑛 , 𝑆0
′′ 𝑥0 , 𝑆𝑛−1

′′ 𝑥𝑛

Interpolation condition:

𝐶1 continuity:

𝐶2 continuity:

boundary condition:

Linear Equation

No local control:    Every data point affects the entire curve 

Computationally expensive: Need to solve very large linear system 
when 𝑁 is big

𝑆𝑖 𝑥 = 𝑎𝑖𝑥
3 + 𝑏𝑖𝑥

2 + 𝑐𝑖𝑥 + 𝑑𝑖
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Cubic Hermite Splines

• For a set of data points D = 𝑥𝑖 , 𝑦𝑖 |𝑖 = 0,… , 𝑁

𝑆𝑖 𝑥𝑖 = 𝑦𝑖 , 𝑆𝑖 𝑥𝑖+1 = 𝑦𝑖+1

𝑆𝑖−1
′ 𝑥𝑖 = 𝑆𝑖

′ 𝑥𝑖

𝑆𝑖−1
′′ 𝑥𝑖 = 𝑆𝑖

′′ 𝑥𝑖

𝑆0
′ 𝑥0 , 𝑆𝑛−1

′ 𝑥𝑛 , 𝑆0
′′ 𝑥0 , 𝑆𝑛−1

′′ 𝑥𝑛

Interpolation condition:

𝐶1 continuity:

𝐶2 continuity:

boundary condition:

𝑆𝑖 𝑥 = 𝑎𝑖𝑥
3 + 𝑏𝑖𝑥

2 + 𝑐𝑖𝑥 + 𝑑𝑖
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Cubic Hermite Splines

• For a set of data points D = 𝑥𝑖 , 𝑦𝑖 |𝑖 = 0,… , 𝑁

𝑆𝑖 𝑥𝑖 = 𝑦𝑖 , 𝑆𝑖 𝑥𝑖+1 = 𝑦𝑖+1

𝑆𝑖−1
′ 𝑥𝑖 = 𝑆𝑖

′ 𝑥𝑖

𝑆𝑖−1
′′ 𝑥𝑖 = 𝑆𝑖

′′ 𝑥𝑖

𝑆0
′ 𝑥0 , 𝑆𝑛−1

′ 𝑥𝑛 , 𝑆0
′′ 𝑥0 , 𝑆𝑛−1

′′ 𝑥𝑛

Interpolation condition:

𝐶1 continuity:

𝐶2 continuity:

boundary condition:

𝑆𝑖 𝑥 = 𝑎𝑖𝑥
3 + 𝑏𝑖𝑥

2 + 𝑐𝑖𝑥 + 𝑑𝑖
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Cubic Hermite Splines

• For a set of data points D = 𝑥𝑖 , 𝑦𝑖 |𝑖 = 0,… , 𝑁

• also we know the first derivatives 
𝐷′ = 𝑥𝑖 , 𝑚𝑖 𝑖 = 0,… , 𝑁 , 𝑆𝑖

′ = 𝑚𝑖

𝑆𝑖 𝑥𝑖 = 𝑦𝑖 , 𝑆𝑖 𝑥𝑖+1 = 𝑦𝑖+1

𝑆𝑖
′ 𝑥𝑖 = 𝑚𝑖 , 𝑆𝑖

′ 𝑥𝑖+1 = 𝑚𝑖+1

For each segment 𝑖,

Interpolation condition:

𝑆𝑖 𝑥 = 𝑎𝑖𝑥
3 + 𝑏𝑖𝑥

2 + 𝑐𝑖𝑥 + 𝑑𝑖 𝑚2

𝑚1
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Cubic Hermite Interpolation

Given 𝑥1, 𝑦1, 𝑚1, 𝑥2, 𝑦2, 𝑚2, we need to compute a cubic curve

𝑆 𝑥 = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑚2

𝑚1
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Cubic Hermite Interpolation

𝑆 𝑥 = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑

such that

Given 𝑥1, 𝑦1, 𝑚1, 𝑥2, 𝑦2, 𝑚2, we need to compute a cubic curve

𝑆 𝑥1 = 𝑦1

𝑆 𝑥2 = 𝑦2

𝑆′ 𝑥1 = 𝑚1

𝑆′ 𝑥2 = 𝑚2

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑚2

𝑚1
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Cubic Hermite Interpolation

such that

Given 𝑥1, 𝑦1, 𝑚1, 𝑥2, 𝑦2, 𝑚2, we need to compute a cubic curve

𝑆 0 = 𝑦1

𝑆 1 = 𝑦2

𝑆′ 0 = 𝑚1

𝑆′ 1 = 𝑚2

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑚2

𝑚1

𝑆 𝑡 = 𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑 𝑡 =
𝑥 − 𝑥1
𝑥2 − 𝑥1
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Cubic Hermite Interpolation

such that

Given 𝑥1, 𝑦1, 𝑚1, 𝑥2, 𝑦2, 𝑚2, we need to compute a cubic curve

𝑆 0 = 𝑦1

𝑆 1 = 𝑦2

𝑆′ 0 = 𝑚1

𝑆′ 1 = 𝑚2

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑚2

𝑚1

𝑆 𝑡 = 𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑 𝑡 =
𝑥 − 𝑥1
𝑥2 − 𝑥1
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Cubic Hermite Interpolation

such that

Given 𝑥1, 𝑦1, 𝑚1, 𝑥2, 𝑦2, 𝑚2, we need to compute a cubic curve

?

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦0

𝑦1

𝑦2 𝑦3
𝑦4

𝑦5

𝑚2

𝑚1

𝑆 0 = 𝑦1 = 𝑑

𝑆 1 = 𝑦2 = 𝑎 + 𝑏 + 𝑐 + 𝑑

𝑆′ 0 = 𝑚1 = 𝑐

𝑆′ 1 = 𝑚2 = 3𝑎 + 2𝑏 + 𝑐

𝑆 𝑡 = 𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑 𝑡 =
𝑥 − 𝑥1
𝑥2 − 𝑥1
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Cubic Hermite Interpolation

such that

Given 𝑥1, 𝑦1, 𝑚1, 𝑥2, 𝑦2, 𝑚2, we need to compute a cubic curve

𝑆 𝑡 = 𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑 𝑡 =
𝑥 − 𝑥1
𝑥2 − 𝑥1

𝑆 0 = 𝑦1 = 𝑑

𝑆 1 = 𝑦2 = 𝑎 + 𝑏 + 𝑐 + 𝑑

𝑆′ 0 = 𝑚1 = 𝑐

𝑆′ 1 = 𝑚2 = 3𝑎 + 2𝑏 + 𝑐

0 0 0 1
1 1 1 1
0 0 1 0
3 2 1 0

𝑎
𝑏
𝑐
𝑑

=

𝑦1
𝑦2
𝑚1

𝑚2
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Cubic Hermite Interpolation

such that

Given 𝑥1, 𝑦1, 𝑚1, 𝑥2, 𝑦2, 𝑚2, we need to compute a cubic curve

𝑆 𝑡 = 𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑 𝑡 =
𝑥 − 𝑥1
𝑥2 − 𝑥1

𝑆 0 = 𝑦1 = 𝑑

𝑆 1 = 𝑦2 = 𝑎 + 𝑏 + 𝑐 + 𝑑

𝑆′ 0 = 𝑚1 = 𝑐

𝑆′ 1 = 𝑚2 = 3𝑎 + 2𝑏 + 𝑐

𝑎
𝑏
𝑐
𝑑

=

2 −2 1 1
−3 3 −2 −1
0 0 1 0
1 0 0 0

𝑦1
𝑦2
𝑚1

𝑚2
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Cubic Hermite Interpolation

where

Given 𝑥1, 𝑦1, 𝑚1, 𝑥2, 𝑦2, 𝑚2, we have a cubic curve

𝑆 𝑡 = 𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑 𝑡 =
𝑥 − 𝑥1
𝑥2 − 𝑥1

𝑎
𝑏
𝑐
𝑑

=

2 −2 1 1
−3 3 −2 −1
0 0 1 0
1 0 0 0

𝑦1
𝑦2
𝑚1

𝑚2

𝑆 0 = 𝑦𝑖 , 𝑆 1 = 𝑦𝑖+1

𝑆 0 = 𝑚𝑖 , 𝑆 1 = 𝑚𝑖+1

and
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Cubic Hermite Interpolation

𝑆 𝑡 = 𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑

= 𝑡3 𝑡2 𝑡1 1

𝑎
𝑏
𝑐
𝑑

= 𝑡3 𝑡2 𝑡1 1

2 −2 1 1
−3 3 −2 −1
0 0 1 0
1 0 0 0

𝑦1
𝑦2
𝑚1

𝑚2
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Cubic Hermite Interpolation

𝑆 𝑡 = 𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑

= 𝑡3 𝑡2 𝑡1 1

𝑎
𝑏
𝑐
𝑑

= 𝑡3 𝑡2 𝑡1 1

2 −2 1 1
−3 3 −2 −1
0 0 1 0
1 0 0 0

𝑦1
𝑦2
𝑚1

𝑚2
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Cubic Hermite Interpolation

𝑆 𝑡 = 𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑

=

2𝑡3 − 3𝑡2 + 1
−2𝑡3 + 3𝑡2

𝑡3 − 2𝑡2 + 𝑡
𝑡3 − 𝑡2

𝑇 𝑦1
𝑦2
𝑚1

𝑚2

= 𝑡3 𝑡2 𝑡1 1

2 −2 1 1
−3 3 −2 −1
0 0 1 0
1 0 0 0

𝑦1
𝑦2
𝑚1

𝑚2
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Cubic Hermite Interpolation

𝑆 𝑡 = 𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑

=

2𝑡3 − 3𝑡2 + 1
−2𝑡3 + 3𝑡2

𝑡3 − 2𝑡2 + 𝑡
𝑡3 − 𝑡2

𝑇 𝑦1
𝑦2
𝑚1

𝑚2

= 𝑡3 𝑡2 𝑡1 1

2 −2 1 1
−3 3 −2 −1
0 0 1 0
1 0 0 0

𝑦1
𝑦2
𝑚1

𝑚2
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Hermite Basis Functions

𝑆 𝑡 = 𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑

= 𝐻0 𝑡 𝐻1 𝑡 𝐻2 𝑡 𝐻3 𝑡

𝑦1
𝑦2
𝑚1

𝑚2

𝐻0 𝑡 = 2𝑡3 − 3𝑡2 + 1

𝐻1 𝑡 = −2𝑡3 + 3𝑡2

𝐻2 𝑡 = 𝑡3 − 2𝑡2 + 𝑡

𝐻3 𝑡 = 𝑡3 − 𝑡2
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Generalization to Higher Dimensionality

𝑺 𝑡 = 𝒂𝑡3 + 𝒃𝑡2 + 𝒄𝑡 + 𝒅

=
⋮ ⋮ ⋮ ⋮
𝒚1 𝒚2 𝒎1 𝒎2

⋮ ⋮ ⋮ ⋮

𝐻0 𝑡

𝐻1 𝑡

𝐻2 𝑡

𝐻3 𝑡
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Example: Curve Tool of PowerPoint
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Catmull-Rom Spline

𝑆 𝑡 = 𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑

=

2𝑡3 − 3𝑡2 + 1
−2𝑡3 + 3𝑡2

𝑡3 − 2𝑡2 + 𝑡
𝑡3 − 𝑡2

𝑇 𝑦1
𝑦2
𝑚1

𝑚2

𝑦1 = 𝑝1
𝑦2 = 𝑝2

𝑚1 =
1

2

𝑝2 − 𝑝0
𝑥2 − 𝑥0

𝑚2 =
1

2

𝑝3 − 𝑝1
𝑥3 − 𝑥1
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Catmull-Rom Spline

150

Edwin Catmull
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2019 ACM Turing Award

151

Edwin Catmull Pat Hanrahan
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2019 ACM Turing Award

152

Edwin Catmull

Pat Hanrahan

ACM named Patrick M. (Pat) 
Hanrahan and Edwin E. (Ed) Catmull recipients 
of the 2019 ACM A.M. Turing Award for 
fundamental contributions to 3-D computer 
graphics, and the revolutionary impact of these 
techniques on computer-generated imagery 
(CGI) in filmmaking and other applications. 
Catmull is a computer scientist and former 
president of Pixar and Disney Animation Studios. 
Hanrahan, a founding employee at Pixar, is a 
professor in the Computer Graphics Laboratory 
at Stanford University.

https://awards.acm.org/about/2019-turing

https://awards.acm.org/award_winners/hanrahan_4652251
https://awards.acm.org/award_winners/catmull_1244219
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Interpolation of Rotations

153

𝑅0 𝑅1

𝑅𝑡 =? ?
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Rotation Representations

154

Rotation Matrix

𝑅𝑥(𝛼)𝑅𝑦(𝛽)𝑅𝑧(𝛾)

Euler Angles

𝒖, 𝜃 or 𝜽

Axis Angles

𝒒 =
𝑤
𝒗

Unit Quaternions



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Interpolation of Rotations

155

Interpolate parameters using (linear/cubic) splines

Rotation Matrix

𝑅𝑥(𝛼)𝑅𝑦(𝛽)𝑅𝑧(𝛾)

Euler Angles

𝒖, 𝜃 or 𝜽

Axis Angles

𝒒 =
𝑤
𝒗

Unit Quaternions

Rotational speed is usually not constant
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Interpolation of Rotations

156
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SLERP for Quaternions

157

𝒒 =
𝑤
𝒗

Unit Quaternions

Constant rotational speed, but only “linear” interpolation

𝒒𝒕 =
sin 1 − 𝑡 𝜃

sin 𝜃
𝒒0 +

sin 𝑡𝜃

sin 𝜃
𝒒1

cos 𝜃 = 𝒒𝟎 ⋅ 𝒒𝟏

𝒒𝟏

𝒒𝟐
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Splines for Quaternions?

158

https://splines.readthedocs.io/en/latest/rotation/kochanek-bartels.html

Ken Shoemake. 1985 
Animating rotation with quaternion curves. 
SIGGRAPH Computer Graphics,
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Splines for Quaternions?

159
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Outline

• Character Kinematics (cont.)
• Motion Retargeting

• Full-body IK

• Keyframe Animation
• Interpolation and splines

160



GAMES 105 - Fundamentals of Character AnimationLibin Liu - SIST, Peking University

Questions?

161


