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. Welcome & Course Information

Lab 1 released

BEZ IR GAME 10518235 7R,
B £:533469817

* Exercise:
e Codebase: https://github.com/GAMES-105/GAMES-105
e Submission: http://cn.ces-alpha.org/course/register/GAMES-105-Animation-2022/

e Register code: GAMES-FCA-2022
* BBS: https://github.com/GAMES-105/GAMES-105/discussions

* QQ Group: 533469817
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. Outline

e Character Kinematics (cont.)

* Motion Retargeting
* Full-body IK

* Keyframe Animation
* Interpolation and splines
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. Recap: Character Kinematics

Forward Kinematics Inverse Kinematics
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. Recap: Character Kinematics

Forward Kinematics
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. Recap: Forward Kinematics
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. Recap: Skeleton

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation e



. Recap: Forward Kinematics
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. Recap: Forward Kinematics
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. Recap: Forward Kinematics

Qo = Ry
01 = RoRy = QpRy
N — s - % ) (02 = RoR1R; = Q1R
L R P1 = Po t Qoly
» gl P2 = Po + Qoly + Q1 1,
1
L =p1+ 01,
s o R; HPZJ
L Q-

il %P0, &
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. Recap: Forward Kinematics

Qo = Ry
Q1 = RoRy = QoR4
N — s % ) Q2 = RoR1R; = OQ1R;
L R P1 = Po t Qoly
» gl P2 = Po + Qoly + 011,
L ' =p1 + 011,
s o R; HPZJ
3 \ Ry = Q5 Q4
50 Rs . & R, = 0710,
3

11
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Recap: motion data in a file

HIRRARCHY position channels rotation channels ]
. RDGT Hips
[ ]
E;‘\ll-i .f] |EES; OFFSET 0 0 0O

CHANNELS 6(Xposition Yposition Zposition|Zrotation Xrotation Yrotation

* One of the most-used file format JOINT Lettiip
. OFFSET 3.5 0 0
for mOthn data CHANNELS 3 Zrotation Xrotation Yrotation
JOINT LeftKnee
* View in blender, FBX review, " ommfe ) | _ —
Motion Builder, etc. somr Loty Euler axes, in extrinsic /

fixed angles convention.
Here R = R,RyR,

0E 21.1464 0

ation Xrota

* Text-based, easy to read and edit

[distance to parent joint

.B4661
}
}
}
* Format )
 HIERARCHY: defining T-pose of
MOTION
F s 2
the character
. . -9.533684 4447926 -0.566564 -7.757381 -1.735414
* MOTION: root position and Euler gt P o S e R
| f h ioints S e 1596 Shi bt | fiaren
ang es O eac JOI —1'8.352753 15:051558 -}.51181462 8.&97663
2.494318 -1.543435 2.9708936 -25.086460
7.093068 -1.587532 -2.633332 3.858087
. . i 1 - - 12.8063018 -28.692566 2.151862 -9.164188
See: https://research.cs.wisc.edu/graphics/Courses/cs-838-1999/Jeff/BVH.html 12 Bevete 28002 12
4.285263 -08.621559 -8.244940 -1.784412
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. Recap: motion data in a file

-~ N

e BVH files

* One of the most-used file format
for motion data

* View in blender, FBX review,

Motion Builder, etc. o -
* Text-based, easy to read and edit
[ 1N
* Format

 HIERARCHY: defining T-pose of
the character
* MOTION: root position and Euler
angles of each joints
See: https://research.cs.wisc.edu/graphics/Courses/cs-838-1999/Jeff/BV
.
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. Posed Character
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:

s Ri=1}

The pose with zero/identity rotation
Bind pose / Reference pose
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. T-Pose? A-Pose?
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. T-Pose? A-Pose?
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. T-Pose? A-Pose?
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. T-Pose? A-Pose?
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. T-Pose? A-Pose?
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. T-Pose? A-Pose?
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. Same motion under different reference poses

e i & » §0

Rotate arms up by 90°
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. Same motion under different reference poses

g @

=)

e i & » §0

Rotate arms up by 90°
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. Same motion under different reference poses

e i & » §0

Rotate arms down by 90°
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. Same motion under different reference poses

a1 =)

e i & » §0

Rotate arms down by 90°

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation



Same motion under different reference poses
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. Retargeting between reference poses

—+—

UU
IRA

known

27
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. Retargeting between reference poses
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. Retargeting between reference poses

N_._%;_N Ry =Ry?? | %?
| 0

known unknown

29
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. Retargeting for a single object

Rp =1
] e

30
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. Retargeting for a single object

31
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. Retargeting for a single object

—
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. Retargeting for a single object

—
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. Retargeting for a single object
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. Retargeting for a single object

— pT
RB—>A — RA—>B
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. Retargeting for a single object

— pT
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. Retargeting for a single object
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. Retargeting for a single object

= e

38
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. Retargeting for a chain of links

[Pi.i] l E

p;: parent of i

39
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. Retargeting for a chain of links

Global Orientation Offset

p;: parent of i

40
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. Retargeting for a chain of links

Global Orientation Offset

Qél_)B ’ | A-B

l

L L
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*

p;: parent of i

41

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation e



. Retargeting for a chain of links

Global Orientation Offset
l
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. Retargeting for a chain of links

Global Orientation Offset

43
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. Retargeting for a chain of links

Global Orientation Offset
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. Retargeting for a chain of links

Global Orientation Offset

‘ A—-B
[
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. Retargeting for a chain of links

Recall: for each link:

QB — QA(QA—>B)T

46
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. Retargeting for a chain of links

Recall: for each link:
T
QB — QA(QA—>B)
¥

_ — T B __ B
Q5. = Ry, Qp; = Qgi(Qf;li ?) Op; = Ry,
—_ T
Qf = Q4Rf QF = (") QF = Q5 R}

47
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. Retargeting for a chain of links

Recall: for each link:

_ QA(QA—>B)T
.
Q;;ll — Rgl Qpl QPL(QP _)B) le T Rgl
Qf = Q4Rf QF = A(0AF) Q7 = Q5 R/
g /
= (Q8) @?

A*B(Qpl) of (e ") ,
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. Retargeting for a chain of links

Recall: for each link:
T
QB — QA(QA—>B)
¥

_ — T B __ B
Q5. = Ry, Qp; = Qf?qi(Qf?éli ?) Op; = Ry,
—_ T
Qf = Q4Rf QF = (") QF = Q5 R}

s ¥

R = 037" RA(Q")

49
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. Retargeting for a chain of links

Global Orientation Offset
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. Retargeting for a chain of links

Global Orientation Offset

pi\ ¥pi

*
*
*

Rp: = Ra(0p")"

*
L
L4 [
------
------
---------------------

-
—1
ikl T ———— )

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation



. Retargeting between reference poses

N_._%;_N Ry =Ry?? | %?
| 0

known unknown

52
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. Retargeting between reference poses

I Ry | Rp I
known unknown

53
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. Recap: Character Kinematics

Inverse Kinematics
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. Recap: IK as an Optimization Problem

Find @ such that
X—f(@0)=0

55

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation .



. Recap: IK as an Optimization Problem

Find 0 to optimize

n=I£(6) — %2
min (@) —x||5

56
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. Recap: Cyclic Coordinate Descent (CCD)

Update parameters along each
axis of the coordinate system

Iterate cyclically through all axes

_ 1 ) ) ) - 2
“%‘jni £ (66, ....6/,....6%) — xHZ

!

o'+t = (6¢,...6,"", ..., 61)
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that

58
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

59
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

Rotate joint 2 such that [, , points towards X

60
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

Rotate joint 2 such that [, , points towards X

61
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X
Rotate joint 2 such that [, , points towards X

Rotate joint 1 such that I, points towards X

62
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X
Rotate joint 2 such that [, , points towards X

Rotate joint 1 such that I, points towards X

Rotate joint O such that I, points towards X
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X
Rotate joint 2 such that [, , points towards X

Rotate joint 1 such that I, points towards X

Rotate joint O such that I, points towards X

Rotate joint 3 such that I3, points towards X
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

min F (0)
63

1 _
= min - [|f (60, 61,65, 65) - x||5
3

65
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

What if link 2 cannot rotate
but can stretch?

66
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

67
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

Stretch link 2 such that ...?

What if link 2 cannot rotate
but can stretch?

68
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

Stretch link 2 such that ...?

but can stretch?

69
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

Stretch link 2 such that ...?

min F(0)
6

1
.‘ :mln_” (9 19;6 ;0 )_%”2
What if link 2 cannot rotate 6, 2 f(8o,01,62, 05 2

but can stretch?

70
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

Stretch link 2 such that ...?

min F(0)
6

1
.‘ :mln_” (9 19;6 ;0 )_%”2
What if link 2 cannot rotate 6, 2 f(8o,01,62, 05 2

but can stretch?

71
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

o Stretch link 2 such that ...?
& A
d min F(0)
0,
0 = min 1||f(90 01,0,,03) — X||3
What if link 2 cannot rotate 0, 2

but can stretch?

72
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

Stretch link 2 such that (x — X) L 1,3

min F(0)
6

1 ~
= I‘%ll’l E “f(@(), 91, 62; 93) T XH%
2

but can stretch?

73
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

X

/ /@ ........................................ ® Stretch link 2 such that (x — X) L 1,3
S N X Rotate joint 1 such that I, points towards X

74
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X
Stretch link 2 such that (x — X) L 1,3

Rotate joint 1 such that I, points towards X

75
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X
@ Stretch link 2 such that (x — x) L 1,5

Rotate joint 1 such that I, points towards X

76
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X
Stretch link 2 such that (x — X) L 1,3

Rotate joint 1 such that I, points towards X

77
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X
Stretch link 2 such that (x — X) L 1,3

Rotate joint 1 such that I, points towards X

78
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X
Stretch link 2 such that (x — X) L 1,3

Rotate joint 1 such that I, points towards X

79
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X
Stretch link 2 such that (x — X) L 1,3

Rotate joint 1 such that I, points towards X

30
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X
Stretch link 2 such that (x — X) L 1,3

Rotate joint 1 such that I, points towards X

31
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. Recap: Jacobian Methods

jcobian | _Of _ (0 Of  Of
Matrix 00~ \90, 096, 00,
R(6,) ‘% Jacobian Transpose Method

9i+1 — Bi _ (I]TA

Jacobian Inverse Method

0i+1 — Bi _ (X]+A

82
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. Geometric Method for Jacobian Matrix

Assuming all joints are hinge joint of
— =Qa4 Xr
96, 1 1

of

— =a, Xr
36, 2 2

33
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. Geometric Method for Jacobian Matrix

How to deal with ball joints?

If a ball joint is parameterized as Euler angles:
R; = RixRiyR;,

Then it can be considered as a compound

joint with three hinge joints

of <af of af>

! 69 aglx Hly aeiz

kaf

00 34
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. Geometric Method for Jacobian Matrix

How to deal with ball joints? If a ball joint is parameterized as Euler angles:
R; = RixRiyRi;

Then it can be considered as a compound

joint with three hinge joints

Note: rotation axes are

A, = Qi_1€y af

=Q;, X7T;

aj, = Qi—lRixey 90;,

a;; = Qi_1RixRiye,

- Fundamentals of Character Animation .
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. Geometric Method for Jacobian Matrix

How to deal with ball joints?

If a ball joint is parameterized as Euler angles:
R; = RixRiyR;,

Then it can be considered as a compound

joint with three hinge joints

RixRiy

Axis: e, Axis: Riy e, 36
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. Geometric Method for Jacobian Matrix

How to deal with ball joints?

If a ball joint is parameterized as Euler angles:
R; = RixRiyR;,

Then it can be considered as a compound

joint with three hinge joints

RixRiy

Axis: Q;_, e, Axis: Q;—1R;xey

87
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. Geometric Method for Jacobian Matrix

How to deal with ball joints?

If a ball joint is parameterized as Euler angles:
R; = RixRiyR;,

Then it can be considered as a compound

joint with three hinge joints

Note: rotation axes are

i, = Qi_1€y of
a;, = Qi-1Rixey 00, = XT;
J a;; = Qi_1RixRiye,
K of
= a;, X71;
00, 7 88

- Fundamentals of Character Animation .
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. Geometric Method for Jacobian Matrix

How to deal with ball joints?

Can we parameterize a ball joint using axis-
angle 8u and compute Jacobian as

af
a—ei = 0u X r; 2?7

K of
aHl-* = A X r; -
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. Geometric Method for Jacobian Matrix

How to deal with ball joints?

Can we parameterize a ball joint using axis-
angle 8u and compute Jacobian as

af
a—ei = 0u X r; 2?7

NO!

Jacobian for axis-angle representation has a

K of rather complicated formulation...
= Qa;j, X7T;
06, 7 90
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Recap: Character IK

Human Body Rig in Blender https://www.youtube.com/watch?v=MAM7mF2v7dE



. Character IK

1 A
o ® F(9) =5 ) Ifi(6) =%l + 6113

92
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H A simple kinematic chain:
IK is directly applicable
93
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o < (to, Rg, Ry, Ry ovr o)

root ‘ internal joints

H The kinematic chain passes the root joint...

g \&
94
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X1 The kinematic chain passes the root joint...

B * Apply IK to the chain

e Set root transformation based on
H J the FK along the chain

* Revert joint rotations between

the foot and the root
J \®

95
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The kinematic chain passes the root joint...

[ & * Apply IK to the chain

e Set root transformation based on
H J the FK along the chain

* Revert joint rotations between

the foot and the root
J \®

96
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Two constraints....

* Formulate optimization problems

 Consider one constraint each time,

then fix the broken one

97
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Created Multiple IK chains

User activates several IK chains each time,
the joints controlled by the other IK chains
can move freely

98
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Recap: Character IK

Human Body Rig in Blender https://www.youtube.com/watch?v=MAM7mF2v7dE



Questions?
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Keyframe Animation and
Interpolation

101




Origin of Animation: Zoetrope

102
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Keyframe Animation

In-betweens
Keyframe Keyframe Keyframe

w
-~

o 2

103
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Interpolation Between Keyframes

d

X File Edit Render Window

Help Layout

9. =W ObjectMode ~ View Select Add

Object Tz, Giobal ~

(860) Collection | fallAndGetUpl_subjectl

v View Select Marker

oA B Y+ [«)v NearestFrame ~ =
p A€ 3 60 3 ] 7 € 3
v K 57 © fallAndGetUpl

v *Ee

Channel Key 27 Normalize

AndGetUpl_subject1.001
| ® X Euler Rotation (rki &
IO'-H—M: n (rKr S
| © z Euler Rotation (rki & &
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. Interpolation

* Given a set of data pairs D = {(x;,y;)[i =0, ..., N},
find a function f(x) such that

f(xl) — yirv(xi'yi) €D

Yo )9]2 y.?’
S ofer Tt
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. Interpolation

* Given a set of data pairs D = {(x;,y;)[i =0, ..., N},
find a function f(x) such that

f(xl) — yirv(xi'yi) €D

Yo )9]2 y.?’
S ofer Tt
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. Interpolation

* Interpolation / Extrapolation

f(xl) — yirv(xini) €D

y )‘]2 Y3
e f(X)? : iz

f(xz?
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. Stepped Interpolation

f(x) =
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. Stepped Interpolation

f(x) =
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. Linear Interpolation

Y2 — V1

f(x) =y, +

X2 —Xq
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. Linear Interpolation

FO) =y +——

2 — X1
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. Linear Interpolation

fx) =y, +t(y, —y1)
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. Linear Interpolation

fx) =0 =ty +ty,
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. Smoothness

NVARVAAVAW,

Discontinuity CO-continuity C1-continuity C?-continuity
positions coincide positions coincide positions coincide
velocity coincide velocity coincide

acceleration coincide
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. Nonlinear Interpolation?

) =7
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. Polynomial Interpolation

f(x) =ay+ ax + ax*+ -+ a,x"
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. Polynomial Interpolation

f(x) =ay+ ax + ax?+ -+ a,x™

For any data pointinD = {(x;,y;)|i =0, ...,N}

f(xo) = ag + a;xg + azx§ + -+ + apxd =y,
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. Polynomial Interpolation

f(x) =ay+ ax + ax?+ -+ a,x™

For any data pointinD = {(x;,y;)|i =0, ...,N}

f(xo) = ag + a;xg + azx§ + -+ + apx§ = ¥y,
f(x1) = ag + ayxq + axxf + -+ ax =y,
flx) =ag+ ayx; +ayxs + -+ apxy =y,

flen) = ag + a1xy + apxg + -+ apxfy = yu
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. Polynomial Interpolation

f(x) =ay+ ax + ax?+ -+ a,x™

Data pointsetD = {(x;,y;)|i =0, ...,N}

i 2 Nl rA .- Y
1 Xo Xp  Xo |1Qo Yo
1 X1 xlz coe x:{l aq _ V1

1 xy xf - xpllnl  LVn.
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. Polynomial Interpolation

f(x) =ay+ ax + ax?+ -+ a,x™

Data pointsetD = {(x;,y;)|i =0, ...,N}

_ - - —1 _ 3
Ao 1 xo x5 - xp Yo
al |1 2 - x| W
anl 11 x5y x5 - xR]| LYN
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. Polynomial Interpolation

f(x) =ay+ ax + ax?+ -+ a,x™

Data pointsetD = {(x;,y;)|i =0, ...,N}

a0] [1 xo x5 - x3| " [Yo]
anl 11 x5y x5 - xR]| LYN

We need n = (N — 1)-degree polynomial to fit N data points!
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. Polynomial Interpolation

* Runge's phenomenon
* High-degree polynomial can oscillate at the

edges of an interval f(x) =ag+a;x + apx® + -+ a;5x*°
® Nodes
. 2.0 A Interpolant
* So low-degree polynomials are preferred | | - 1) = (1 + 25x) 1
* But how? 15
We need n = (N — 1)-degree Lol
polynomial to fit N data points! Fos
0.5 o o
% ‘e
.- o o

0.0 1

-1.00 -0.75 -0.50 -0.25 0.00 0.25 050 0.75 1.00
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. Spline Interpolation

* Interpolation using low-degree piecewise polynomials
* f(x) =S8;(x),when x € [x;,x;41]
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. Spline Interpolation

* Interpolation using low-degree piecewise polynomials

* Degree 1 - piecewise linear interpolation
Yi+1 — Vi
Xi+1 — Xi

(x — x;)

Si(x) = y; +
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. Spline Interpolation

* Interpolation using low-degree piecewise polynomials
* Third-degree polynomials = Cubic Splines

S;(x) = a;x3 + bjx?* + c;x + d;
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B Cubic Splines

* For a set of data points D = {(x;,y;)|i =0, ..., N}

S;(x) = a;x3 + b;x? + ¢;x + d;
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B Cubic Splines

* For a set of data points D = {(x;,y;)|i =0, ...,N}
S;(x) = a;x3 + b;x? + ¢;x + d;

* There are N segments, 4N unknown parameters
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B Cubic Splines

* For a set of data points D = {(x;,y;)|i =0,..,N} |

%

S;(x) = a;x3® + b;x* + ¢;x + d;

X X5
Vs

* There are N segments, 4N unknown parameters

Interpolation condition:  S;(x;) = vy;, Si(x;11) = V41
C! continuity:  S;_;(x;) = S{ (x;)
C# continuity:  S;_;(x;) = S;" (x;)
boundary condition:  S;(xg), S;,—1(x,,), Sg (x0), Sy—1 (x)

Linear Equation
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B Cubic Splines

* For a set of data points D = {(x;,y;)|i =0, ...,N}

4
%

S;(x) = a;x3® + b;x* + ¢;x + d;

X X5

Vs

* There are N segments, 4N unknown parameters

No local control: Every data point affects the entire curve

Computationally expensive: Need to solve very large linear system
when N is big
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. Cubic Hermite Splines

* For a set of data points D = {(x;,y;)|i =0,..,N} |

%

S;(x) = a;x3® + b;x* + ¢;x + d;

Interpolation condition:  S;(x;) = vy;, Si(x;11) = V41
C! continuity:  S;_;(x;) = S{ (x;)
C# continuity:  S;_;(x;) = S;" (x;)
boundary condition:  S;(xg), S;,—1(x,,), Sg (x0), Sy—1 (x)
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. Cubic Hermite Splines

* For a set of data points D = {(x;,y;)|i =0,..,N} |, ),
Y A B B
S;(x) = a;x3 + b;x? + ¢c;x + d; | -

Interpolation condition:  S;(x;) = vy;, S;(xi+1) = Vit
1 . . . J _ / \

6 EE“EIHHIE" él—IE‘éEl; él Eé(’l/

pa . . I 1 \
E4-eontintity—Sr =-S5
s, - / /[ AN e // /[ \
boumdary-comditor: 506x03,5n_1\AnJ,J0 ExO)»Sn—lkf‘nJ
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. Cubic Hermite Splines

* For a set of data points D = {(x;,y;)|i =0, ...,N}

S;(x) = a;x3® + b;x* + ¢;x + d; N
y?o }%
* also we know the first derivatives
. ! : : —— >
D" ={(x;,m)]|i =0,..,N} S =m " oo
my b4
For each segment i, Sitx)) =yi,  Si(Xix1) = Vi1

Interpolation condition: S/ (x;) = m;, S;(xj41) = Mj4q
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. Cubic Hermite Interpolation

Given Xxq,yq, M4, X5, Y, My, We need to compute a cubic curve

S(x) =ax3+bx*+cx+d
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. Cubic Hermite Interpolation

Given Xxq,yq, M4, X5, Y, My, We need to compute a cubic curve

S(x) =ax3+bx*+cx+d

such that
S(x1) = y1
S(xz) =y,

S5'(x1) =my

5'(xy) = m,
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. Cubic Hermite Interpolation

Given Xxq,yq, M4, X5, Y, My, We need to compute a cubic curve

X — Xq
S(t)=at3+bt*+ct+d t =
X2 — X1

such that

S5(0) =y,

S5(1) =y,

S,(O) =m1

S,(l) =m2
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. Cubic Hermite Interpolation

Given Xxq,yq, M4, X5, Y, My, We need to compute a cubic curve

X — Xq
S(t)=at3+bt*+ct+d t =
X2 — X1

such that

S5(0) =y,

S5(1) =y,

S,(O) =m1

S,(l) =m2
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. Cubic Hermite Interpolation

Given Xxq,yq, M4, X5, Y, My, We need to compute a cubic curve

X — X4
S(t)=at3+bt*+ct+d t =
X2 — X1
such that
50)=y,=d
S =y,=a+b+c+d
S'"0)=m; =c

S'"1)=m,=3a+2b+c
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. Cubic Hermite Interpolation

Given Xxq,yq, M4, X5, Y, My, We need to compute a cubic curve

X — Xq
S(t)=at3+bt*+ct+d t =
X2 — Xq
such that
S(O):ylzd _ o e - _ -
0O 0 0 1][a V1
S(l)=y2=a+b+c+d 1 1 1 1llb _ Vs
S'"0)=m; =c » 0 0 1 O0ffc My
3 2 1 o0lldl [my

S'"1)=m,=3a+2b+c
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. Cubic Hermite Interpolation

Given Xxq,yq, M4, X5, Y, My, We need to compute a cubic curve

X — Xq
S(t)=at3+bt*+ct+d t =

X2 — Xq
such that
S(0) = =d o
(0) = a 2 -2 1 11[n
S1)=y,=a+b+c+d bl |-3 3 =2 -=1||Y
! C N 0 0 1 0 ml
§'(0)=my =c » d 1 0o o0 o0llm

S'"1)=m,=3a+2b+c
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. Cubic Hermite Interpolation

Given Xxq,yq, Mq, X2, V>, M>, We have a cubic curve

X — Xq
S(t)=at3+bt*+ct+d t =
X2 — X1
where
a 2 -2 1 1 V1
b _ -3 3 =2 —-111X2
C 0 0 1 0|1
d. 1 0 0 0 11m;
and

S50)=y;, SA)=yi4
5(0)=m;, S() =my,
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. Cubic Hermite Interpolation

S(t)=at3+bt>+ct+d

-
b
— 3 2 1
(e3¢ t* 1],
d]
2 -2 1 11|V
-3 3 =2 -=1}||X2
— 3 2 1
(2 e Uy 5 1 ollm
1 0 0 0 1Lm;
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. Cubic Hermite Interpolation

S(t)=at3+bt>+ct+d

-
b
— 3 2 1
(e3¢ t* 1],
d]
2 -2 1 11|V
-3 3 =2 -=1}||X2
— 3 2 1
e el s 5 1 o llm
1 0 0 0 1Lm;
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. Cubic Hermite Interpolation

S(t)=at3+bt>+ct+d

2 -2 1 1]V
-3 3 =2 -=1|1)2
— 3 2 1
e ety o 4 o llm,
1 0 0 0 1Lm;
2t3 —3t2 + 1] [V

t3 —t2 1 Imy]

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation .



. Cubic Hermite Interpolation

S(t)=at3+bt>+ct+d

2 -2 1 1]V
-3 3 =2 -=1|1)2
— 3 2 1
e ety o 4 o llm,
1 0 0 0 1Lm;
2t3 —3t2 + 1] [V

t3 —t2 1 Imy]
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. Hermite Basis Functions

S(t)=at3+bt*+ct+d

= [Ho(t) Hi(t) Hp(t) Hs(t)]|,

Hy(t) =2t3-3t2 +1
Hi(t) = —2t3 + 3t?
Hy(t) =t3—2t° +t
H3(t) = t3 —t* 0 -
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. Generalization to Higher Dimensionality

S(t)=at3>+bt* +ct+d

(Hy(t)]

1 . ' [ H. ()
GG IO
N - LHs (b))
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. Example: Curve Tool of PowerPoint
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. Catmull-Rom Spline

Libin Liu - SIST, Peking University

S(t)=at3+bt*+ct+d

—2t3 + 3t
t3 —2t2 4+t
t3 _ t2

2t3 — 3t2 + 1]

T

Y

GAIVIES 1UD - FUnhdamentals ot Character Animation

V1= D1
Y2 = D2
:lpz—Po
1 2Xy — Xg
Y B
2 2 X3 — Xq




. Catmull-Rom Spline

Edwin Catmull

150
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. 2019 ACM Turing Award

Edwin Catmull Pat Hanrahan

151
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. 2019 ACM Turing Award

ACM named Patrick M. (Pat)

Hanrahan and Edwin E. (Ed) Catmull recipients
of the 2019 ACM A.M. Turing Award for
fundamental contributions to 3-D computer
graphics, and the revolutionary impact of these
techniques on computer-generated imagery
(CGI) in filmmaking and other applications.
Catmull is a computer scientist and former
president of Pixar and Disney Animation Studios.
Hanrahan, a founding employee at Pixar, is a
professor in the Computer Graphics Laboratory
at Stanford University.

Edwin Catmull

https://awards.acm.org/about/2019-turing Pat Hanrahan
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https://awards.acm.org/award_winners/hanrahan_4652251
https://awards.acm.org/award_winners/catmull_1244219

. Interpolation of Rotations

Rt :?7

153
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. Rotation Representations

1=,

Ryx(@)Ry (B)IR;(¥)

Rotation Matrix Euler Angles Axis Angles Unit Quaternions

154
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. Interpolation of Rotations

Interpolate parameters using (linear/cubic) splines

Ry ()R, (B)R,(¥) (u,6) or 6

Euler Angles Axis Angles

Rotational speed is usually not constant
155

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation e



Interpolation of Rotations

catmull-rom euler catmull-rom axis-angle

156
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. SLERP for Quaternions

_ sin[(1 —1¢)0] N sin t@ ¢
Qe = sin 6 o sin 6 1
cosfd =q¢ - q1

Unit Quaternions

Constant rotational speed, but only “linear” interpolation

157
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. Splines for Quaternions?

piecewise Slerp

TCB interp

Animating Rotation with Quaternion Curves
Ken Shoemaket

The Singer Company
Link Flight Simulation Division

ABSTRACT

Solid bodies roll and tumble through space. In
computer animation, so do cameras. The rotations of
these objects are best described using a four coordinate
system, quaternions, as is shown iu this paper. Of all
quaternions, those on the unit sphere are most suitable
for animation, but the question of how to construct
curves on spheres has not been much explored. This
paper gives one answer by presenting a new kind of
spline curve, created on a sphere, suitable for smoothly
in-betweening (i.e. interpolating) sequences of arbitrary
rotations. Both theory and experiment show that the
motion generated is smooth and natural, without quirks
found in earlier methods.

C.R. Classification: C.1.1 [Numerical Analysis|
Interpolation—Spline  and piecewise  polynomial
interpolation; G.1.2 [Numerical Analysis|
Approximation—Spline and  piecewise  polynomial
approximation; 1.2.9 [Artificial Intelligence] Roboties—
Manipulators; 1.3.5 [Computer Graphics| Computational
Geometry and Object Modelling—Curve, surface, solid,
and object representation, —Geometric algorithms,
languages, and systems, —Hierarchy and geometric
vransformations

General Terms: Algorithms, Theory

Keywords and phrases: quaternion, rotation,
spherical geometry, spline, Bézier curve, B-spline,
animation, interpolation, approximation, in-betweening

1. Introduction

Computer animation of three dimensional objects
imitates the key frame techniques of traditional
animation, using key positions in space instead of key

Permission to copy without fee all or part of this material is granted
provided that the copics are not made or distributed for direct
commercial advantage, the ACM copyright notice and the title of the
publication and its date appear, and notice is given that copying is by
permission of the Association for Computing Machinery. To copy
otherwise, or (o republish, requires a fee and/or specific permission.

© 1985 ACM 0-89791-166-0/85/007/0245 $00.75

drawings. Physics says that the general position of a
rigid body can be given by combining a translation with
a  rotation. Computer  animators key  such
transformations to control both simulated cameras and
objects to be rendered. In following such an approach,
one is naturally led to ask: What is the best
representation for general rotations, and how does one
in-between them? Surprisingly little has been published
on Lhese topics, and the answers are not trivial.

This paper suggests that the common solution, using
three Euler's angles interpolated independently, is not
ideal. The more recent (1843) notation of quaternions
is proposed instead, along with interpolation on the
quaternion unit sphere. Although quaternions are less
familiar, conversion to quaternions and generation of
in-between frames can be completely automatic, no
matter how key frames were originally specified, so
users don't need to know—or care—about inner details.
The same cannot be said for Euler's angles, which are
more difficult to use.

Spherical interpolation itself can be used for purposes
besides animating rotations. For example, the set of all
possible directions in space forms a sphere, the so-called
Gaussian sphere, on which one might want to control
the positions of infinitely distant light sources.
Modelling features on a globe is another possible
application.

It is simple to use and to program the method proposed
here. It is more difficult to follow its development.
This stems from two causes: 1) rotations in space are
more confusing than one might think, and 2)
interpolating on a sphere is trickier than interpolating
in, say, a plane. Readers well acquainted with splines
and their use in computer animation should have littie
difficulty, although even they may stumble a bit over
quaternions.

2. Describing rotations
2.1 Rigid motion

Imagine hurling a brick towards a plate glass window.
As the brick flies closer and closer, a nearby physicist

t Author’s current address: 1700 Santa Cruz Ave., Menlo Park,
CA 94025

Ken Shoemake. 1985
Animating rotation with quaternion curves.

SIGGRAPH Computer Graphics,
https://splines.readthedocs.io/en/latest/rotation/kochanek-bartels.html pu Al
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. Splines for Quaternions?

catmull-rom euler catmull-rom axis-angle piecewise Slerp TCB interp
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. Outline

e Character Kinematics (cont.)

* Motion Retargeting
* Full-body IK

* Keyframe Animation
* Interpolation and splines

160
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Questions?
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