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. Welcome & Course Information

* Instructor: Libin Liu (http://libliu.info)

* Website: https://games-105.github.io/

* Lecture: Monday 8:00PM to 9:00PM (12 Weeks)
* Prerequisites: linear algebra, calculus,

programming skills (python),
probability theory, mechanics, ML, RL...

. BEZFR.GAME105iRfEASREE
Exercise: B £2.533469817

e Codebase: https://github.com/GAMES-105/GAMES-105
e Submission: http://cn.ces-alpha.org/course/register/GAMES-105-Animation-2022/
* Register code: GAMES-FCA-2022

* BBS: https://github.com/GAMES-105/GAMES-105/discussions
* QQ Group: 533469817
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. Outline

 Character Kinematics
e Skeleton and forward Kinematics

* Inverse Kinematics
 |K as a optimization problem

* Optimization approaches
e Cyclic Coordinate Descent (CCD)
* Jacobian and gradient descent method
e Jacobian inverse method
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Character Kinematics

kinematics / kini maetiks/

n. the study of the motion of bodies without reference to mass or force
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-- Collins English Dictionary
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Skeleton
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. How to create a pose

| want to move

my right leg...
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. How to create a pose

Yo

 Joint will not take effect
automatically...

@ * We need to calculate the
position and orientation of
each bone carefully.

e But how?
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. Kinematics of a Chain

Q;: orientation of joint i

MT&TM&@%
@ @ ©)

“root” joint
end effector
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. Kinematics of a Chain

Q;: orientation of joint i Qo =7

R;: rotation of joint i
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. Kinematics of a Chain

oo lo fe fo [ 77
@ ©) ) { Q, =1
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. Kinematics of a Chain

o lo lo fom,
@ ©) ) g\@ Q, =1
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. Kinematics of a Chain

o b b gl

R
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. Kinematics of a Chain
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. Kinematics of a Chain

© 02 = RiR;

(3 = R{RyR;
[e.
e

Qs = R1RyR3R,
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. Kinematics of a Chain

Qo = Ry
01 = RoRy
(2 = RyR1R,

(03 = RyR1R;R3

Qs = RoR1RyR3R,
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. Kinematics of a Chain

Q1 = QoRq

(0, = 01R,

(03 = 2R3

Qs = U3Ry
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. Kinematics of a Chain

global
From rotation to orientation

Q; = Q-1 R;

global
From orientation to rotation

R, = Q;_,0Q;

21
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. Kinematics of a Chain

Relative rotation

Ri — Q1TQ4
— (R0R1)TR0R1R2R3R4

= RyR3R,
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. Kinematics of a Chain
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Qo = Ry
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P1 = Po + Qolp
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. Kinematics of a Chain

Qo = Ry
P1 = Po + Qolp

01 = QoRy
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. Kinematics of a Chain

Qo = Ry
P1 = Po + Qolp

Q1 = Qo4
p, =p1+ 014
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. Kinematics of a Chain

Qo = Ro

P1 = DPo t+ Qolo
Q1 = Qok4

P2 =P+ 014
Q2 = Q1R;

Pz =p2 + 021,
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. Kinematics of a Chain 0, = R,

P1 = Po + Qolo
Q1 = QoRy
P2 =p1+ 014
Q2 = Q1R
Pz =p2 + 021,
Q3 = Q2R3
P4 = P3 + Q3l3

30
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. Kinematics of a Chain 0, = R,

P1 = Po + Qolo
Q1 = QoRy
P2 =p1+ 014
Q2 = Q1R
Pz =p2 + 021,
Q3 = Q2R3
P4 = P3 + Q3l3
Qs = Q3R,
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. Kinematics of a Chain

x =7?7x,

32
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. Kinematics of a Chain

X =ps+ 04X

33

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation .



. Kinematics of a Chain

X = P4+ Qsx
= p3 + Qs3l3 + Q3R,.x
= p3 + Q3(l3 + Ryxq)
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. Kinematics of a Chain

X = P4+ Qsx
= p3 + Qs3l3 + Q3R,.x
= p3 + Q3(l3 + Ryxq)

Local coordinates of x in Q5

x% = Q3 (x — p3)

—_ 13 + R4x0
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. Kinematics of a Chain

X =ps+ 04X

=p, + Q2(l; + R3l3 + R3R4x)

Local coordinates of x in Q,

x% = Q] (x — py)

—_ lz + Rglg + R3R4x0
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. Kinematics of a Chain: Summary

Forward kinematics:

R Given the rotations of all joints R;,
1 find the coordinates of x,
in the global frame x:

for i from the root to the end effector:
Qi = Q;—1R;
Pi+1 = Pi + Q;l;

X = pg + QX

37
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. Kinematics of a Chain: Summary

Forward kinematics:

R Given the rotations of all joints R;,
1 find the coordinates of x,
in the global frame x:

X = xO
for i from the end effector to the root
X = li—l -+ Rix

38

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation e



. Kinematics of a Chain: Summary

Forward kinematics:

Given the rotations of all joints R;,
find the coordinates of x( relative to
the local frame of Qy:

for i from joint k 4+ 1 to the end effector:
Q;{ — QL{—,lRl' ’
Pi+1 = P; T Q;l;

X = pg + QpXo

39
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. Kinematics of a Chain: Summary

Forward kinematics:

Given the rotations of all joints R;,
find the coordinates of x( relative to
the local frame of Qy:

X = xO
for i from the end effector to joint k + 1
X = li—l + Rix

40
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. Kinematics of a Character

41
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. Root Location

| want to rotate

my right leg...

42
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. Root Location

| want to rotate

| want to rotate
my right leg...

my right leg...
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. Root Location

| want to rotate

my right leg...
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(f) Ball-and-socket joint
(hip joint)

. Types of Joints

)
(a) Pivot joint p
(between C1 and
C2 vertebrae)

X

(b) Hinge joint g
(elbow)

(e) Condyloid joint
(between radius and
carpal bones of wrist)

(d) Plane joint
(between tarsal bones)

(c) Saddle joint
(between trapezium
carpal bone and 1st
metacarpal bone)

Source: Wikipedia
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knee, elbow

hinge joint
revolute joint

hip, shoulder

ball-and-socket joint
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. Degrees of Freedom (DoF)

* Number of independent parameters that define the configuration or state of
a mechanical system

DoF =6
(p,R) € R® x SO(3)
47
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. Degrees of Freedom (DoF)

* Number of independent parameters that define the configuration or state of
a mechanical system

A 4

DoF =6 DoF =3
(p,R) € R3 x SO(3)
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. Degrees of Freedom (DoF)

* Number of independent parameters that define the configuration or state of
a mechanical system

29\ 7L)
A V4

DoF =6 DoF =3 DoF =2
(p,R) € R3 x SO(3)
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. Degrees of Freedom (DoF)

knee, elbow

1 DoF

hinge joint
revolute joint

hip, shoulder

+ 3 DoF

ball-and-socket joint

50

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation .



. Degrees of Freedom (DoF)

2 DoF

universal joint
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knee, elbow

1 DoF

Qmin <0< Qmax
hinge joint
revolute joint

hip, shoulder
3 DoF

Hmin < 0 < Hmax

ball-and-socket joint
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. Pose Parameters
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. Pose Parameters

(to,Ro,Rl,Rz, ...... )
root ‘ internal joints

joints are typically in the order that
every joint precedes its offspring

54
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. Forward Kinematics

Libin Liu - SIST, Peking University

(to,Ro,Rl,Rz, ...... )
root ‘ internal joints

joints are typically in the order that
every joint precedes its offspring

foriin joint list:
p;=1’s parent joint
Qi — QpiRi

X; = xpi ~+ Qpili

GAMES 105 - Fundamentals of Character Animation




. Forward Kinematics

(tOIRO'Rl'RZJ ...... )

root ‘ internal joints

Q1: if we know the orientations of
all the joints Q;, how to compute
joint rotations?

56
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. Forward Kinematics

(tOIRO'Rl'RZJ ...... )

root ‘ internal joints

Q1: if we know the orientations of
all the joints Q;, how to compute
joint rotations?

l
# Q2: how should we allow stretchable °
bones?

57
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Example: motion data in a file

HIRRARCHY position channels rotation channels ]
. RDGT Hips
[ ]
E;‘\ll-i .f] |EES; OFFSET 0 0 0O

CHANNELS 6(Xposition Yposition Zposition|Zrotation Xrotation Yrotation

* One of the most-used file format JOINT Lettiip
. OFFSET 3.5 0 0
for mOthn data CHANNELS 3 Zrotation Xrotation Yrotation
JOINT LeftKnee
* View in blender, FBX review, " ommfe ) | _ —
Motion Builder, etc. somr Loty Euler axes, in extrinsic /

fixed angles convention.
Here R = R,RyR,

0E 21.1464 0

ation Xrota

* Text-based, easy to read and edit

[distance to parent joint

.B4661
}
}
}
* Format )
 HIERARCHY: defining T-pose of
MOTION
F s 2
the character
. . -9.533684 4447926 -0.566564 -7.757381 -1.735414
* MOTION: root position and Euler gt PO e o S e R
| f h ioints S e 1596 Shi b | fiaren
ang es O eac JOI —1'8.352753 15:051558 -}.51181462 8.&97663
2.494318 -1.543435 2.970936 -25.086460
7.093068 -1.587532 -2.633332 3.858087
. . i 1 - - 12.8063018 -28.692566 2.151862 -9.164188
See: https://research.cs.wisc.edu/graphics/Courses/cs-838-1999/Jeff/BVH.html 12 Besete 228002 53
4.285263 -08.621559 -8.244940 -1.784412
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Volume 37 (2018), mumber & pp. 355!

Inverse Kinematics Techniques in Computer Graphics: A Survey

A. Aristidou' . ). Laseaby’, Y. Chrysanthoa' 20d A. Shami

Department of Computer Science, Usivenity of Cypeus, Cypras
2 aristidou @ icoe orp. yiorgos @cs. ucy ac cy
The Ieserdiaciplinary Coner, Hersliya, lsrael
arik shamirég musl com
riment of Engincering, University of Cambridge, Usited Kingdom
1221 Gcam ac ok

Abstract
Inverse kinematics (1K) is the use of kinematic equations 1o determine the joint parameters of ¢ manipulator o that the end
effector moves to a desired position: IK can be applied in many areas. inclading robotics, engineering, computer graphics and
video pames. In this survey, we present a comprehensive review of the IK problem and the solutions developed over the years
of view. The paper starts with the defisition of forwand and IK. their mathematical formalations
unsolvable cases, indicating when a solution is available. The IK literature in this report is
divided into four main categories: the analytical the numerical. the data-driven and the hybeid methods. A timeline illustrating
key methods is presented, explaining kow the IK approaches have progressed over the years. The most popalar IK methods
are discusved with repard 1o their performance. computational cost and the smootl o their resulting pastures, while we
suppest which IK family of solvers is best suited for pacticular problems. Finally, we indicate the limitations of the current IK
methodologies and propose futare research directions

g
dusi

Keywords: mverse kinematics, motion capture, biomechanical coastraints
ACM CCS: Genenal and reference—Surveys and overviews; Computing methodologies—Animation

1. Introduction tual character models are complicated, made up of many joints,

3 thus having 2 high sumber of DoFs. ln addition, they are fe
Kinematics describes the rotational and traslational motion of gy o satisfy numerous coastraings, including joint and/or contact
oints, bodies (objects) and systems of bodies (groaps of cbjects) .

PO P ) . N HPIOR By S e restrictions. One way 1o handle this complexity & o manually adjust
without coasideration of what causes the matia of any reforence all the DoF’s by carefully modifyiag the joint sotatioas 10 achieve
to mass. force of torque. laverse Kinematics (IK) was initistod i . gociced pose and ensure theis temporal coberence —an extremely
robotics as the problem of moving 3 redundant kinematic arm with complex aad time-coasuming process.

specific dogroes of freedom (DoFs) 10 3 pre-defined target. Beyoad x

its use i robotics, IK has found applications in computer graph The t was a necessity o find efficicat ways to manipulate
ics, geaerating particular interest in the field of animating iy systems coasisting of complet and multi-liak models. IK has be
Iated subjects. This survey focuses oa IK applications in computer  come one of the fundamental techniques for editing motion data. 1K
graphics, aiming to provide insights about IK to young researchers is commonly used for animating articulated figures using oaly the
by introducing the mathematical problem. and surveying the most  desired positioas (and sometimes the orieatations) of certain joints.

popular techaiques that tackle the problem. commoaly refecred 1 as end effectors (e.g. usually end effectors
are control points, and can be either ead joints, such as foet and
hands, or inner joints, such as the efbow and knee). The ead effector
positioas are usually specified by the animator of a motion capture
system, and mast reach the desired positioas in onder 1o accomplish
the given task. The remaining DoFs of the articulated model are

Computer graphics applications usually deal with articulated fig
ures, which are convensent models for humans, animals or other
legged virtual creatures from films and video games. Animating
such articulated charsciers s a challenging problem. Most vir

© 2017 The Authons
Computer Geaphics Forum © 2017 The |
Jobe Wiley & Soas 11d. Published by Jobe

raphics Amcciation and
Wikey & Sces L1d

A. Aristidou, J. Lasenby, Y. Chrysanthou, and A. Shamir. 2018.
Inverse Kinematics Techniques in Computer Graphics: A Survey.
Computer Graphics Forum
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Why do we need Inverse Kinematics?

Human Body Rig in Blender https://www.youtube.com/watch?v=MAM7mF2v7dE



. Forward and Inverse Problems

For a system that can be described by a set of parameters 0,
and a property x of the system given by

x = f(6)

Forward problem: Inverse problem:

 Given x, we need to find a set of valid
parameters 0 such that x = f(0)

* Given 0, we need to compute x

* Easy to compute since f is known,
the result is unique * Often need to solve a difficult nonlinear

, equation, which can have multiple solutions
 DoF of 0 is often much larger than

that of x. We cannot easily tune 0
to achieve a specific value of x.

e Xx is typically meaningful and can be set
in intuitive ways
. 61

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation .



. Inverse Kinematics

Given the position of the end-effector x,
Compute the joint rotations R;

62
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. Inverse Kinematics

R(6,)

Given the position of the end-effector x,
Compute the joint rotation parameters 0,

63
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. Solutions of IK Problems

d>1,+1, +1,

No solution

Multiple solutions

Unique solution

64
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. Example: Two-Joint [K

g2
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. Example: Two-Joint [K
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. A simple solution to a two-joint IK problem

& 1. Rotate joint 1 such that

67
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. A simple solution to a two-joint IK problem

@ 1. Rotate joint 1 such that
%
Hloxll = [Tzl How??
S
g2
X

68
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. A simple solution to a two-joint IK problem

@ 1. Rotate joint 1 such that
W
Hloxll = [Tzl How??
o 2) 2. Rotate joint O such that
| ’:
g2
X

69
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. A simple solution to a two-joint IK problem

1. Rotate joint 1 such that
. > Hoxll = [[To]] How??
@’ 2. Rotate joint 0 such that
I 27 lox = Loz How??
ﬁ :
X

70

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation .



. A simple solution to a two-joint IK problem

1. Rotate joint 1 such that
%
I Lox Il = [[1o2]] How??
& 2.R joi h

ié?\& otate joint O such that

?? le = 102 How??
3. Rotate joint 0 around [,

a’ if necessary How??
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. IK as an Optimization Problem

R(0,) (:',Q x = £(6)

Q =Q(0)

72
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. IK as an Optimization Problem

x = f(6)

73
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. IK as an Optimization Problem

Find @ such that
X—f(@0)=0

74
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. IK as an Optimization Problem

Find 0 to optimize

n=I£(6) — %2
min (@) —x||5

75
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. Optimization Problems

Find 0 to optimize

mgn F(0)

For an IK problem, we can write

1
F(6) =5 IIf (6) - %3

76
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. Optimization Problems
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. Optimization Problems

Initial solution
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iterative Algorithms for Optimization Problems

initial solution * Find a promising direction to
AR, \ update the parameters
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iterative Algorithms for Optimization Problems

nitial solution * Find a promising direction to

|
0
A \ update the parameters

———————
~~~~~
- o
~

* Move the parameters along that
direction by a proper distance
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. iterative Algorithms for Optimization Problems

go Initial solution * Find a promising direction to
""""""" update the parameters

* Move the parameters along that
direction by a proper distance

* Repeat until reaching the
optimal parameters
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. iterative Algorithms for Optimization Problems

go Initial solution * Find a promising direction to
""""""" update the parameters

* Move the parameters along that
direction by a proper distance

* Repeat until reaching the
optimal parameters
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. iterative Algorithms for Optimization Problems

go Initial solution * Find a promising direction to
""""""" update the parameters

* Move the parameters along that
direction by a proper distance

* Repeat until reaching the
optimal parameters
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. iterative Algorithms for Optimization Problems

go Initial solution * Find a promising direction to
""""""" update the parameters

* Move the parameters along that
direction by a proper distance

* Repeat until reaching the
optimal parameters (or stop
after several iterations)

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation .



Coordinate Descent

Update parameters along each
axis of the coordinate system
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Coordinate Descent

Update parameters along each
axis of the coordinate system
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Coordinate Descent

Update parameters along each
axis of the coordinate system
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Cyclic Coordinate Descent (CCD)

Update parameters along each
axis of the coordinate system
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that

39
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

min F(0)
63

1 ~
= I%II’I E “f(go,gl, 82; 03) T XH%
3

91
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

Rotate joint 2 such that [, , points towards X

92
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X

Rotate joint 2 such that [, , points towards X
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X
Rotate joint 2 such that [, , points towards X

Rotate joint 1 such that I, points towards X

94
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X
Rotate joint 2 such that [, , points towards X

Rotate joint 1 such that I, points towards X

Rotate joint O such that I, points towards X
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint 3 such that I3, points towards X
Rotate joint 2 such that [, , points towards X

Rotate joint 1 such that I, points towards X

Rotate joint O such that I, points towards X

Rotate joint 3 such that I3, points towards X
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. Cyclic Coordinate Descent (CCD) IK

Iteratively rotation each joint to make the
_ end-effector align with vector between the
X joint and the target

Easy to implement, very fast

The “first” joint moves more than the others

May take many iterations to converge

Result can be sensitive to the initial solution

97
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint O such that [, points towards X

98
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. Cyclic Coordinate Descent (CCD) IK

Rotate joint O such that [, points towards X
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. Gradient Descent

1 ~
F(9) =511 (8) %3
Update parameters against the direction
of the gradient of the objective function
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Gradient Descent

1
F(6) =5 11f(6) — %3
Update parameters against the direction
90— T of the gradient of the objective function

—————
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f” -~
-

—-—
~~
Ss
~

Gradient: OF
FER
OF
or OF

VoF(9) = |38, | = (== ()
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The direction in which F(8) increases fastest
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. Gradient Descent

1
F(6) =5 1IF(8) — i3

Update parameters against the direction
of the gradient of the objective function

6't1 = 0' — a VyF(6')

t

learning rate

102
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Gradient Descent

1 ~
F(6) =5 11f(6) — %3
Update parameters against the direction
90— T . of the gradient of the objective function

________
~~~~~
-
- ~.
o ~

S~
~
S
N,

6't1 = 0' — a VyF(6')

t

learning rate

Large learning rate can cause problems

-
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Gradient Descent

1 ~
F(6) =5 11f(6) — %3
Update parameters against the direction
90— T . of the gradient of the objective function

________
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- ~.
o ~
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S
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6't1 = 0' — a VyF(6')

t

learning rate

Large learning rate can cause problems
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. Gradient Descent

1 Update parameters against the direction
F(09) = 5 £ () —%||5 of the gradient of the objective function

6'*1 = 0' — a VyF(6')

voF(6) = (25(6)) (£(6") ~%)

=JTA

105
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. Jacobian Transpose

0i+1 — ei _ C(]TA

_ﬂ_(af of ... ﬁ)

/=56~ 060, 00, 00,

106
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. Jacobian Transpose

J

(& o)

~ 090 \ao, 90, 90, Ea
o _|og,

06, |00;

0z

S T

x = f(0) of
f:]R"HIRB » /=307

107
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. How to compute the Jacobian matrix?

_ﬁ_(af of ... i)

9i+1 — Hi _ TA — —
o /=356 \30, a0, 36,

* Implement f(6) using your favorite machine learning framework
* pytorch, tensorflow, ......
 Compute gradient using its autograd functionality

* Enjoy!
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. Finite Differencing

~of [(of Of of
_%_<aeo 06, E)

J

x = f(6o,61,0,,03)

y 9 _y,
50 ="
A v
109
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. Finite Differencing

~of [(of Of of
_%_<aeo 06, E)

J

x = f(6o,61,0,,03)

"= f(00,0, +664,0,,03)

110

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation .



. Finite Differencing

~of [(of Of of
_%_<aeo 06, E)

J

x = f(6o,61,0,,03)

4c’)f x'—x
a6, 66, 111
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. Geometric Approach

~of [(of Of of
_%_<aeo 06, E)

J

Assuming all joints are hinge joint

of

— =77

90,

112
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. Geometric Approach

~of [(of Of of
_%_<aeo 06, E)

J

Assuming all joints are hinge joint

Rodrigues' rotation formula

x —x=(sinédb;)a; Xr; + (1 —cosdb;)a; X (a; Xr;)

113
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. Geometric Approach

~of [(of Of of
_%_<aeo 06, E)

J

Assuming all joints are hinge joint

Rodrigues' rotation formula

x —x=(sinédb;)a; Xr; + (1 —cosdb;)a; X (a; Xr;)

af s x —x
96,  s6i50 60,

=al-><rl-

114
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. Geometric Approach
T (LY .0

/=56~ 06, 90, 96,

Assuming all joints are hinge joint

daf
6—81=a1><1'1
\ 4
4
daf
0—92=a2><r2

115
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. Geometric Approach

~of [(of Of of
_%_<aeo 06, E)

J

How to deal with ball joints?

116
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. Geometric Approach

~of [(of Of of
_%_<aeo 06, E)

J

How to deal with ball joints?

A ball joint parameterized as Euler angles:
R; = RixRiyR;,

can be considered as a compound joint with

three hinge joints

of (of of of
Vv aef(aeix 00,y ael)

117
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. Geometric Approach

~of [(of Of of
_%_<aeo 06, E)

J

How to deal with ball joints?

A ball joint parameterized as Euler angles:
R; = RixRiyR;,

can be considered as a compound joint with

three hinge joints

af
20,,

= A Xri

118
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. Geometric Approach

~of [(of Of of
_%_<aeo 06, E)

J

How to deal with ball joints?

A ball joint parameterized as Euler angles:
R; = RixRiyR;,

can be considered as a compound joint with

three hinge joints

Note: rotation axes are

Ay = Qi—lex

of

Ay, = Qi—lRixey 00;.

a;; = Qi_1RixRiye; 119
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. Geometric Approach

~of [(of Of of
_%_<aeo 06, E)

J

How to deal with ball joints?

A ball joint parameterized as Euler angles:
Ri —_ RixRiyRix’

can be considered as a compound joint with

three hinge joints

Note: rotation axes are

Ay = Qi—lex

of

a;y = Qi-1Rixey 00;,

= QA; XT;

aix, — Ql—lRlleyex 120
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. Jacobian Transpose / Gradient Descent

1
F(0) ==|f(8) — x5
(6) 2 I7(6) I2 Update parameters against the direction
--------------------------------- of the gradient of the objective function

—————
~~~~~~
f” -~
-

------------- 't =0' — a VyF (9 l)
= 0" — C(]TA

First-order approach, convergence can be slow

Need to re-compute Jacobian at each iteration

L

~
~
~
~
~
~<
~
~~a

-
-
-
————————
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. Optimality Condition

mgn F(0)
Gradient:
[ OF (9)
30,

oF
VoF (0) = |3g,

0F

— (0
_09n( )_
The direction in which F(8) increases fastest
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. Optimality Condition

mgn F(0)

Gradient: oF ) First-order optimality condition:
3. (&) .. »
a0, 0" is a local minimum of F(Q)
oF

VoF(0) = |3g; » ‘

oF
Erm (9)_ VoF(0*) =0

The direction in which F(8) increases fastest

123
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: Quadratic Programming

1
mein F(0) = EBTAB + b'o

where A is positive definite:

A=A", 0740 = 0 for any 0

124
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: Quadratic Programming

1
mein F(0) = EBTAB + b'o

Gradient: VgF(0) = A0+ b

125
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: Quadratic Programming

1
mein F(0) = EBTAB + b'o

Gradient: VgF(0) = A0+ b

Optimality condition: VgF(8*) =0

$

0" = —A"'b

126

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation .



. Gauss-Newton Method

1
F(0) = > 1f(6) — XI5 Consider the first-order approximation
of £(0) at 8°

0
00

- £(8%) +1(0 - 6"

(6) ~ £(8°) + 2L (6°) (6 - 6°)
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. Gauss-Newton Method

1
F(6) =5 1IF(8) — i3
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1
2
1

Consider the first-order approximation
of £(0) at 8°

ra f(6) =~ £(68°) +J(6 - 6°)

\

2
2

|7(6°) +(6 - 6°) —%|

=-(6-6°J7/(0 - 6")
,,,,, +(0-0°"J7(F(6°) - %) +c
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Gauss-Newton Method

1
F(0) = 2 1f(8) — f”% Consider the first-order approximation
______________ of £(0) at 8°
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first-order optimality condition

129

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation




. Gauss-Newton Method

1
F(0) = 2 1f(8) — f”% Consider the first-order approximation
______________ of £(0) at 8°

0
Y f(6) =~ £(68°) +J(6 - 6°)
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. Gauss-Newton Method

1
F(0) =5 1If(6) —%II2 J7J(6—8°) = —J7A

If JT] is invertible, we have

0=06°—(J7)) JTA

-M -
e
-

N"‘~. ———
\~\ 9
- 0

-
~. -
~ -
~ -

Se——e —_—
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. Gauss-Newton Method

1
F(6) =5 1IF(8) — i3
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J"j(6—-6°) =-J"A

If JT] is invertible, we have

0 = JTA

however...

of _

00

TTis NOT invertible
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. Gauss-Newton Metho

1
F(0) =5 1If(6) —%II2 J7J(6—8°) = —J7A

If JT] is invertible, we have
9 = JTA

however...

_9f _
= — =

J

JT] is NOT invertible, but JJT can be invertible
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. Jacobian Inverse Method

1
F(0) =5 11£(6) —xII3 x| JT1(6-8°) =—JTA

T Assume J/Tis invertible

J(6—6°) =-A

of
00

-M -
-
-

Rl ————"
\\‘ 0
. 0

-
~. -
~ -

-~ -

-
~ -

134

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation



. Jacobian Inverse Method

1
F(0) =5 11£(6) —xII3 Jx | JTj(6-6°) =—JTA
-
% Assume JJTis invertible

J(6-6°) =% —f(6°)

_9f _

]_aa_
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. Jacobian Inverse Method

1
F(0) =5 11£(6) —xII3 Jx | JTj(6-6°) =—JTA

¥

Assume JJTis invertible

J(6—6°) =-A
\ 4
6=0°—]"A

— 00 _]T(]]T)_lA

(Moore-Penrose) Pseudoinverse
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. Jacobian Inverse Method

1
F(6) =5 1IF(8) — i3

0=0°—]"A

] =9°—/7(J]7) A

(Moore-Penrose) Pseudoinverse
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. Gauss-Newton Method

1
F(0) =5 1If(6) —%II2 J7J(6—8°) = —J7A

If JT] is invertible, we have

0=06°—(J7)) JTA

but when can JT] be invertible?
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. Gauss-Newton Method

Assuming all joints are hinge joint

J"](6-6°) =-]"A

4 - .
If JT] is invertible, we have

x4 0=0"—(J7)) /A

but when can JT] be invertible?

of
%, = f(0) € R? /=3¢~
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. Gauss-Newton Method

Assuming all joints are hinge joint

J"](6-6°) =-]"A

If JT] is invertible, we have

6=6°— (7)) J7A

but when can JT] be invertible?

_9f
===

J

X2
lx3] = f(0) € R’
X4
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. Gauss-Newton Method

Assuming all joints are hinge joint

J"](6-6°) =-]"A

If JT] is invertible, we have

0 = 0° — (]T])_leA — 99 —]+A

(Moore-Penrose) Pseudoinverse

X2
lx3] = f(0) € R’
X4
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. Jacobian Inverse Method

1
F(6) = 1If(6) - |15 0=0°—]"A

g0 T (Moore-Penrose) Pseudoinverse

when | =

=0T yT

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation e



. Jacobian Inverse Method

1
F(6) =§|If(9)—§||% 6=0°"—aj"A

g0 T (Moore-Penrose) Pseudoinverse

when | =

=0T yT
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Jacobian Inverse Method

0=0°—q/A

1
F(8) =5 1I£(8) X3

(Moore-Penrose) Pseudoinverse

v

when | = when | =

=) =0T T

Usually faster than gradient descent/Jacobian
transpose method.

Any problem?
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Jacobian Inverse Method

0=0°—q/A

1
F(8) =5 1I£(8) X3

(Moore-Penrose) Pseudoinverse

v

when | = when | =

=) =0T T

Usually faster than gradient descent/Jacobian
transpose method.

Any problem? JJ' /J"] can be (near) singular!
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. Damped Jacobian Inverse Method

0=0°—qa/"A

(Moore-Penrose) Pseudoinverse

v Y

when | = when | =

=) =0T T
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. Damped Jacobian Inverse Method

0 =0°—qa/ A

(Moore-Penrose) Pseudoinverse

v Y

when | = when | =

=T + AN =0T+ AT
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. Damped Jacobian Inverse Method

0 =0°—qa/ A

(Moore-Penrose) Pseudoinverse

v Y

when | = when | =

. -1 . -1
J =0T+ A) S ey = (T +A0) )T
Also called Levenberg-Marquardt algorithm
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. Damped Jacobian Inverse Method

1 oy A P12
F(6) = 1If(8) —XII3 + |6 — 6],

O+l =i — ()T + AI) JTA

A: damping parameter

Using the minimal rotations to reach the target
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. Damped Jacobian Inverse Method
1 _ A T :
FO) =5 IIf(0) — %3 + (6 —06Y) w(e -6

0+ = i — q(J7] + W) JTA

A: damping parameter

"W,

Wi : :
W = : weight matrix

Using the minimal rotations to reach the target
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. Character IK
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. Character IK

1 N A
FO) =5 ) 11fi(8) = %l +5 116113
[
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. Character IK

1 N A
FO) =5 ) 11fi(8) = %l +5 116113
[
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. Character IK

1 N A
FO) =5 ) 11fi(8) = %l +5 116113
[

— @
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. Outline

 Character Kinematics
e Skeleton and forward Kinematics

* Inverse Kinematics
 |K as a optimization problem

* Optimization approaches
e Cyclic Coordinate Descent (CCD)
* Jacobian and gradient descent method
e Jacobian inverse method
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. Outline

e Character Kinematics
e Skeleton and forward Kinematics
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FABRIK: A fast, iterative solver for the Inverse Kinematics problem

Andreas Aristidou *, Joan Lasenby
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ment of Engineering, Uni

ARTICLE INFO

 |K as a optimization problem

ABSTRACT

Inverse Kinematics is defined as the problem of determining a set of appropriate joint con-
figurations for which the end effectors move to desired positions as smoothly, rapidly, and
as accurately as possible. However, many of the currently available methods suffer from
high computational cost and production of unrealistic poses. In this paper, a novel heuristic
method, called Forward And Backward Reaching Inverse Kinematics (FABRIK), is described
and compared with some of the most popular existing methods regarding reliability, com

putational cost and conversion criteria, FABRIK avoids the use of rotational angles or matri.

ces, and instead finds each joint position via locating a point on a line, Thus, it converges in
few iterations, has low computational cost and produces visually realistic poses. Con-
straints can easily be incorporated within FABRIK and multiple chains with multiple end
effectors are also supported.

Available online 15 May 2011

Keywords.
Human an|mation
Inverse Kinematics

Joint configuration
Motion reconstruction

* Optimization approaches
e Cyclic Coordinate Descent (CCD)
* Jacobian and gradient descent method
e Jacobian inverse method
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1. Introduction

This paper addresses the problem of manipulating artic-
ulated figures in an interactive and intuitive fashion for the
design and control of their posture. This problem finds its
application in the areas of robotics, computer animation,
ergonomics and gaming. In computer graphics, articulated
figures are a convenient model for humans, animals or
other virtual creatures from films and video games. Inverse
Kinematics (IK) has also been used in rehabilitation medi-
cine in order to observe asymmetries or abnormalities. The
most popular method for animating such models is mo.
tion-capture: however, despite the availability of highly
sophisticated techniques and expensive tools, many prob.
lems appear when dealing with complex figures. Most vir
tual character models are very complex: they are made up
of many joints giving a system with a large number of de-
grees of freedom, thus, it is often difficult to produce a real.
istic character animation.

ince by Jarek Rossignac

This paper has been rocommended for acce
* Corresponding author. Fax: +44 12233
E-mail address: 224620cam.ac.uk (A Aristidou]

1524-0703/$ - see front matter © 2011 Elsevier Inc. Al rights reserved.
doi:10.1016/j gmod. 2011,05,003

Inverse Kinematics is a method for computing the pos-
ture via estimating each individual degree of freedom in
order to satisfy a given task that meets user constraints;
it plays an important role in the computer ation and
simulation of articulated figures. This paper presents a
new heuristic iterative method, Forward And Backward
Reaching Inverse Kinematics (FABRIK), for solving the IK
problem in different scenarios. FABRIK uses a forward
and backward iterative approach, finding each joint posi
tion via locating a point on line. FABRIK has been utilised
in highly complex systems with single and multiple tar-
gets, with and without joint restrictions, It can easily han-
dle end effector orientations and support, to the best of our
knowledge, all chain classes. A reliable method for incorpo-
rating constraints is also presented and utilised within
FABRIK. The proposed method retains all the advantages
of FABRIK, producing visually smooth movements without
oscillations and discontinuities. Several experiments have
been implemented for comparison purposes between the
most popular manipulator solvers, including multiple end
effectors with multiple tasks, and highly constrained
joints. The proposed algorithm is very efficient both in
simple and complex problems resulting in similar or even
better poses than highly sophisticated methods, requiring

Andreas Aristidou and Joan Lasenby. 2011.
FABRIK: A fast, iterative solver for the Inverse Kinematics problem.
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