GAMES 105
Fundamentals of Character Animation

Lecture 02:
Math Background
Libin Liu

School of Intelligence Science and Technology
Peking University

. 1
GAMES105 1R FE3 57k VCL @ PKU




. Outline

* Review of Linear Algebra

e Vector and Matrix
* Translation, Rotation, and Transformation

* Representations of 3D rotation
[o]] Rotation matrices

] Euler angles

] Rotation vectors/Axis angles
] Quaternions
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Review of Linear Algebra

Vectors and Matrices

* a few slides were modified from GAMES-101 and GAMES-103
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. Vector

* A quantity having both magnitude and direction

vector a , written in bold letter

“'
lall—" magnitude/length/norm: ||a||
B a
direction: ——
a |all

o*

.
*
.
.
*
.
.
*
.
*
.
o*
*

lall =1 = ais a unit vector

a
—— =2 normalize a
|all
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. Vector

* A quantity having both magnitude and direction

* Representing a location/velocity/abstract feature......
D
P position
v velocity
P
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. Vector

* A quantity having both magnitude and direction
* Representing a location/velocity/abstract feature......

P position

v velocity
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. Vector Arithmetic

a+b

b

a+b=b+a

*commutative
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. Vector Arithmetic

a+b

2b
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. Vector Arithmetic

a—+2b
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. Vector Representation

* A vector can be represented as a [column] of numbers

a4,
az
R 4 a = (all Az, -, an)T —
“““““ _an_
lall y
a magnitude/length/norm:

o*

.
*
.
.
*
.
.
*
.
*
.
o*
*

lall, = \/a% +as+-+az

10
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. Vector Representation

3D vector in Cartesian coordinates
T Ux
a= (ax, Ay, az) = |4y
aZ

magnitude/length/norm:

lall, = \/a,% +a; + a2

11
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. Vector Representation

e 3D vector in Cartesian coordinates

magnitude/length/norm:

lall, = \/a% + a5 + a3

12
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. Vector Arithmetic

‘a, + b, |
a-|—b= ay +by
a,+ b,

—a, + 2b, |
—a + 2b = —ay + Zby
|—a, + 2b, |

13
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. Dot Product

* Inner product/Scalar product

a-b = a1b1 + azbz + .-+ anbn

e a-b=b-a
e a-(b+c)=a-b+a-c

c a-a=aa; +aya, +-+a,a, =l|lal

14
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. Geometric Meaning of Dot Product

* In Euclidean space,
a-b= a1b1 + azbz + e+ anbn

a

b

a-b = ||all||b]| cosb

15
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. Geometric Meaning of Dot Product

* In Euclidean space,

a-b = a1b1 + azbz + .-+ anbn

a-b
llalll|bl|

6 = arccos

b a-b=0

S cosf =060 =90°
a-b = ||al|||b|| cos@
Sa l b

16
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. Geometric Meaning of Dot Product

* In Euclidean space,

a-b = a1b1 + azbz + .-+ anbn

a, = ||al| cos8 = a - —
Ib]|

b =||b|| cosd = b - —
= cosd = b —
“ lal|

a-b = ||a||||b]| cosb

17
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. Cross Product of 3D Vectors

‘a,b, —a,b, |
c=axb=\|a,b, —a,b,
Ayxby, — ay by

18

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation .



. Cross Product of 3D Vectors

2

(a,b, —a,b, ] .Yz
c=axb=|a,b, —a,b, L ZX
axby, —ayby| |z]:xy

=

19
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. Cross Product of 3D Vectors

(a,b, —a,b, ]
c=axb=|ab,—ab,| ™M c=axb=]|allbl|sin6)n
Axby — ayby

An

a

- [
b )3\ /
k l/

20
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. Cross Product of 3D Vectors

2

(a,b, —a,b, ] A
c=axb=|a,b, —a,b, L ZX

ayby, —ayb,| |z]:xy

=,

e cca=c-b=0
e cla clb
c aXxb=-bXa
e aX(b+d)=axb+axd

e axXx(bxc)#(axb)Xc
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. Cross Product of 3D Vectors

‘a,b, —a,b,| [x]:yz -
] {
C=Cl><b= Zzzx:zxzz :Z__.::)Zcx z )H//
| “x Py yOx]| [Z1:XY

* Find a direction n perpendicular to both aand b
a b

= X
lall  |[b]|

n

22
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. Cross Product of 3D Vectors

‘a,b, —a,b,| [x]:yz -
] {
C=Cl><b= Zzzx:zxzz ::;/__.:)ZCX £ )H//
| “x Py yOx]| [Z1:XY

* Find a direction n perpendicular to both aand b

23
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. Cross Product of 3D Vectors

‘a,b, —a,by ;x;:yz (i/

c=axb=\|a,b, —a,b,| [V]:zx b >
a,b, —ayb Z]:x Sli-==¥
|UxDy = AyDx]  1Z21: XY

* Find a direction n perpendicular to both aand b

axb a+0b=0
la x b| alhb

n=

24
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. Cross Product of 3D Vectors

c=aXb

* Find a direction n perpendicular to both aand b

a,b, — a,b,
asz T axbz

Axby — ayby

axb

n=
la < b||

 Checkif a and b are parallel

Libin Liu - SIST, Peking University

axXb=07

Sl

L yZ
L ZX

L XY

a+0b+0

GAMES 105 - Fundamentals of Character Animation
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. How to find the rotation between vectors?

26
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. How to find the rotation between vectors?

Any vector in the bisecting plane can be the axis

27
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. How to find the rotation between vectors?

axXb a-b
lalll|bl|

The minimum rotation: u= 6 = argcos
la x b

28
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. How to rotate a vectors?

29
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. How to rotate a vectors?

lull =1

30
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. How to rotate a vectors?

veuXa

t—cuxv=uXxXxuxa)

lull =1

31
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. How to rotate a vectors?

veuXa

t—cuxv=uxXxUuxa)

uxa
lu x al|
b t
——
v
6
lull = Ly uxa luxal g
lu x all
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. How to rotate a vectors?

veuXa

t—cuxv=uxXxUuxa)

uxa
lu x al|
b |luxall(1-cosh)
||lu x al| sin 6
6
||u|| — . uxa lu x a| a
lu x all

33
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. How to rotate a vectors?

Libin Liu - SIST, Peking University

u X

GAMES 105 - Fundamentals of Character Animation

v=(sinf)uxa

t=(1—-cosf)ux(uxa)

uxa
lu x al
b |luxall(1-cosh)
||lu x al| sin 6
6
uxa lu x a| a
lu x al

34



. How to rotate a vectors?

v=(sinf)uxa

t=(1—-cosf)ux(uxa)

Rodrigues' rotation formula

b=a+ (sinf)uxa+(1—-cosf)ux (uxa)

35
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. Orthogonal Basis & Orthogonal Coordinates

ax
a = [ay € ]RB

Az

36
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. Orthogonal Basis & Orthogonal Coordinates

* lexll = [ley | = lle,ll = 1
* ex-ey,=e,-e,=¢e;,-e,=0
ey Xe;,=e,

ey, X e, = ey

e; X ey = ey
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. Orthogonal Basis & Orthogonal Coordinates

eyf y
a = ay (S ]RS h

Az

a=ayey, t+aye, +ase,

38
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. Orthogonal Basis & Orthogonal Coordinates

ax
a = [ay € ]RB

Az

a=ayey, t+aye, +ase,

a-b=(ace,+aye,+ase,) (bye,+bye, +b,e,)
= aybye,-ey+ a,bye,-e,+ a,b,e, e,

+ 2 aibjei . e]-

L#] 39
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. Orthogonal Basis & Orthogonal Coordinates

ax
a = [ay € ]RB

Az

a=ayey, t+aye, +ase,

a-b=(ace,+aye,+ase,) (bye,+bye, +b,e,)

= aybye,-ey+ a,bye,-e,+ a,b,e, e,

R ;
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. Orthogonal Basis & Orthogonal Coordinates

ax
a = [ay € ]RB

Az

a=ayey, t+aye, +ase,

axb = (ace,+aye, +a,e,)x (bee,+bye, +b,e,)
= aybyey X ex + aybye, X ey, + ayb,e, X e,
+a,bre, X e, +a,b,e, Xe, +a,b,e, Xe,
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. Orthogonal Basis & Orthogonal Coordinates

ax
a = lay € ]RB

Az

a=ayey, t+aye, +ase,

a X b = TybrexeXge, + aybye, X e, + ayb e, X e,«
+ aybye, X e, + a,b5 ?bzey X e,

+a,b.e, X ey +a,bye, Xe, m
% 42
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. Orthogonal Basis & Orthogonal Coordinates

eyf y
a = ay (S ]RS h

Az

a=ayey, t+aye, +ase,

axb= (aybz — azby)ex
+ (azby — axbz)ey
+ (axby — aybx)ez 43
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Matrix
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. Matrix

* A 2D array of numbers

a1 Qi Qg3
A =01 a3y az3|eR3*3
d31 d3zp dAdz3

al*
=[a; a, a3]=|a,.
a;.,
X1
x = |X2]| € R3*!
X3
45
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. Matrix

* A 2D array of numbers

A1 Q12 13
A=|a21 Q2 az3|€ R
31 d3z 0433
* Special matrices

1 00 a; 0 0] a d e 0 —a b
I=|0 1 O 0 a, O d b f a 0 —C
0O 0 1 _O 0 a3_ _e f C_ —b C 0
identity diagonal symmetric syrsnkrivg’gric
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. Matrix Operation

* Transpose of a matrix

a1 Qi Qg3
A=|a21 Q2 az3|€ R
d31 d3zp dAdz3

al*
=[a; a, as]=|a,,
as,
_aT_
a7 4dp1 Az 1
Transpose | AT = |a1; ay; asz;| = ag =[af* aE* a§*]
a13 dz3 d3z3 ag
47
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. Matrix Operation

* Transpose of a matrix

ai1 A2 d4i3
A=|a21 Q2 az3|€ R
a3z1 Az dz3
1 00 a; 0 0] a d e 0 —a b
I=10 1 0 0 a, O d b f a 0 —c
0 0 1 0 0 aj e f ¢ —b ¢ 0
_ _ - , - ) . skew-
identity diagonal symmetric symmetric
AT =4 AT =4 AT =4 AT = —A
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. Matrix Operation

 Scalar multiplication and matrix addition

a1 Qi Qg3
A=|a31 az; az3|e R3*3
d31 d3zp dAdz3

Sa11 SAq1, Saj3

SA = |SAy1 SAyy; Sdjz
SAz1 SOz, Sdiz

a4+ by a3+ by, ag3+ by
A + B = a21 + b21 azz + bzz a23 + b23
azq + b3y aszy; + b3y azz+ bis)

49
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. Matrix Operation

* Matrix multiplication
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. Matrix Operation

* Matrix multiplication

AB # BA
ABC = (AB)C = A(BC)
A(B+C) = AB + AC
(AB)T = BTAT IA=A

* Inverse of a matrix

M=A"oAM =MA =1
(AB)"' =B71471
51
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. Matrix Form of Dot Product

a-b=a.b,+a,b,+a,b,

= aTb — [ax ay az] by

|

S
ﬂ

<

52
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. Matrix Form of Cross Product

Libin Liu - SIST, Peking University

a,b, —a,b,

— asz — axbz

axby — ayby

0 —a,
=1\ a, 0
—a, ay

a
_ax

O -

y

[alx + [a]X =0

skew-

symmetric

GAMES 105 - Fundamentals of Character Animation
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Matrix Form of Cross Product

axb=|alb
ax (b xc) = [a],([b]«c) [l +[all =0 gmonic
= la]x[b]«c

ax(axc)=I[alib

54
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. Matrix Form of Cross Product

axb=|alb
ax (b xc) = [a],([b]«c) [l +[all =0 gmonic
= la]x[b]«c

ax(axc)=I[alib

(a X b) X ¢ = [a]y|b]xc ?7?7?

55
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. Matrix Form of Cross Product

axb=|alb
ax (b x ¢) = [a].([b].c) [al, +[all =0 oo omic
= la]x[b]«c

ax(axc)=I[alib

(a x b) x G, [blc 7?7

(a X b) X c=[aXxXb]yc
56
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. How to rotate a vectors?

v=(sinf)uxa

t=(1—-cosf)ux(uxa)
b=a+ (sinf)uxa+(1—-cosf)ux (uxa)

b = (I + (sin0) [u]«+ (1 — cos @) [u]i)a

= Ra

57
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. How to rotate a vectors?

————
-
-
-
-
-
-

~~~~~
~~
~~
Ss
~.

ﬁ{ \ Rodrigues' rotation formula

R =1+ (sin8) [u]y+ (1 — cosO) [u]2

~,
~,
~,
~
~
~
~
S
~.
~
~
~
~~o

-
-

———————
- -
- ~
,,,,,
-
’

S
~
SS
~~~~~
~~ -
—————————

58
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. Orthogonal Matrix

* A matrix who columns (& rows) are orthogonal vectors

1, ifi=j

A=|a; a; as ala;, =" .

[ | LI 0. ifi #j

[ T [ T T T . |

a; a,a; aa, a;as

ATA=|al|[a1 a; a3]=|ala;, ala, ala;|=1
T T T T
az aza; aza, azas

Libin Liu - SIST, Peking University

AT =471

GAMES 105 - Fundamentals of Character Animation
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. Determinant of a Matrix

i1 A1 Qg3
A=|01 ay; az3|eR3*3
d3zq1 d3zp dzs3

17 412 Qg3
detA =031 0Qyy Aj3
d3zq1 dzp dzs3

60
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. Determinant of a Matrix

i1 A1 Qg3
A=|01 ay; az3|eR3*3
d3zq1 d3zp dzs3

61
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. Determinant of a Matrix

i1 A1 Qg3
A=|01 ay; az3|eR3*3
d3zq1 d3zp dzs3

det A %
e

QQ
'&

Q\Q

223

62
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. Determinant of a Matrix

edetl =1

* detAB = detA * detB

e det AT = det A4

e If Aisinvertible, detA™! = (detA4)~?!

e If U is orthogonal, detU = +1

63
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. Cross Product as a Determinant

‘a,b, —a,b, ]
c=axb=\|a,b, —a,b,
Ayxby — ayby

T j I
=det|dx Qy a4y
_bx by bZ_

64
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. Eigenvalues and Eigenvectors

For a matrix 4, if a nonzero vector x satisfies
Ax = Ax

Then:
A: an eigenvalue of 4

X: an eigenvector of A

65
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. Eigenvalues and Eigenvectors

For a matrix 4, if a nonzero vector x satisfies
Ax = Ax

Then:
A: an eigenvalue of 4

X: an eigenvector of A

Especially, a 3 X 3 orthogonal matrix U
has at least one real eigenvalue: A = detU = +1

66

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation .



Rigid Transtformation

Translation, rotation, and coordinate transformation

67
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. Rigid Transformation: Translation + Rotation

| | a N\
%% ,\M\Xﬁx.

Translation Rotation Scaling

\_

/
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ey At o
t x| [Se*x
a = y’ — Sy*y
_Z,_ S, * Z
(0]
>
=l X
eZ
I’4 €x

69
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a =a+t
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. Combination of Translations

A 1

t NG

144

t=t +t"

71
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a = Ra

R: Rotation Matrix

72
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. Rotation Matrix

e Rotation matrix is orthogonal:
R-1=RY" R'R=RR'=1

* Determinant of R
detR = +1

* Rotation maintains length of vectors

IRx|| = ||l

73
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. Combination of Rotations

R = R,R, ???

0] X
>
eZ
I’d Ex
YA
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. Combination of Rotations

0] X
>
eZ
I’d Ex
YA
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. Rotation around Coordinate Axes

1
R,.(a) = (O cosa —sin a)

+ 0 sina cosa
R, (B)
\J ’ cos 8 O sm,B
Ry(ﬁ)z 0
) D)x —sin 3 O Cos,B
R
2(7) Ry(a) cosy —siny 0
Z Rz(y)=<smy cosy )

76
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. Rotation around Coordinate Axes

Libin Liu - SIST, Peking Un GAMES 105 - Fundamentals of Character Animation

R,(72°)R, (45°)R,(60°)




Rotation around Coordinate Axes

R,(72°)R,, (45°)R,(60°) u = (0.28,0.83,0.48) 6 = 81.1°
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. Rotation Axis and Angle

Rotation matrix R has a real eigenvalue: +1

Ru=u

In other words, R can be considered as
a rotation around axis u by some angle 6

How to find axis u and angle 67
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. Rotation Axis and Angle

(R—RTu =
0 — (131 — 112) iz — 131
21 — 112 0 —(r3, = 13)|u=0
— (113 — 131) I3y — 123 0

Skew-symmetric

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation



. Rotation Axis and Angle

u xu=>0

Skew-symmetric

, 0 Cross Product
Matrix
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. Rotation Axis and Angle

Ru=u m) u=RTu

(R—RTu=0
I'3p — 123

Uu—u =|"n3—73
21 — 112

When R # RT ©sinf # 0 < 0 + 0°or 180°
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. Rotation Axis and Angle

R =1+ (sin8) [u]y+ (1 — cos9) [u]2

\ 4

33 — T3
ue—u =|rn3—1r31|«<R-RT
1 — T2 >

|lu'|| = 2sind

When R # RT ©sinf # 0 © 0 # 0°or 180°
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. Coordinate Transformation

(x',y',z")T: ain object system

(x, v, z2)T: ain global system

L ] x
a=|e. e, e;lly
[ R I I #4
> _
X | | | 1 x’
— e;c eg, e’Z y,
| | ]lZz]

34
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. Coordinate Transformation

(x',y',z")T: ain object system

(x, v, z2)T: ain global system

_ =1 r g
I I
R=|ex e, e, ey ey, e
I O O
>
X C
X X
VA A

85
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. Coordinate Transformation

(x',y',z)!: ain object system

(x, v, z2)T: ain global system

X
object = global [3’ =R|[y'[+t
YA _Z’_
x' X
global = object y'| =RT ( y] — t)
_Z, Z
36
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Representations of 3D Rotation
[ [E] [HI [




. Parameterization of Rotation

* Arotation matrix, 9 parameters: a;;

17 A1 Aq3]
R =141 Ay A3
31 A3 d33]
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. Parameterization of Rotation

* Arotation matrix, 9 parameters: a;;

17 Q12 QA3
R =141 Ay A3

31 A3 d33]

RTR =1
(2 2 y
a’ll + a’Zl + a’31 - 1 fallalz + a21a22 + a31a32 = 0
2 2 2 _ _
1a12 +az, +az, =1 {11043 + az1a,3 + azqazz =0
2 2 y —
\ai3 +az3 taz; =1 (312013 T 022033 + a3z2a33 = 0

Libin Liu - SIST, Peking University

GAMES 105 - Fundamentals of Character Animation
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. Parameterization of Rotation

* Arotation matrix, 9 parameters: a;;

17 Q12 QA3
R =141 Ay A3
31 A3 d33]

RTR =1
(2 2 y
a’ll + a’21 + a’31 - 1 fallalz + a21a22 + a31a32 = O
2 2 2 _ _
1a12 +az, +az, =1 {11043 + az1a,3 + azqazz =0
2 2 y —
\ai3 +az3 taz; =1 (312013 T 022033 + a3z2a33 = 0

degrees of freedom (DoF) = 3
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. Parameterization of Rotation

* Arotation matrix, 9 parameters: a;;

17 A1 Aq3]
R =141 Ay A3
31 A3 d33]

RTR =1 detR =1

(2 2 y
a’ll + a’Zl + a’31 - 1 fallalz + a21a22 + a31a32 = 0
2 2 2 _
jai, taz, +az, =1 {aq1a43 + az1a,3 + azqazz =0
2 2 2 —
\ai3 +az3 taz; =1 (312013 T 022033 + a3z2a33 = 0

degrees of freedom (DoF) = 3
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Interpolation of Translations
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. Interpolation of Translations

Libin Liu - SIST, Peking University

x; =1 —t)xy + txg

GAMES 105 - Fundamentals of Character Animation
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Interpolation of Rotations

94
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. Interpolation of Rotations

Rt :?7
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. Interpolation of Rotations

) kJ \j )
96
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. Interpolation of Rotations

0 0 1]
Ro=R,(-90)=|0 1 0

-1 0 0.

0 0 —1] fe =7
Ry =R,(+90) =10 1 0

1 0

0 | RO kJ Rl
0 0 0

0O 0 O
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. Interpolation of Rotations

* What is good interpolation?

* Rotation is valid at any time ¢t

* Constant rotational speed is preferred

R, =77

98
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| Rotation Matrix

17 A1 Aq13]
R =141 Qz; 4az3 RTR=1
d31 A3 d33]

* Easy to compose? X
* Easy to apply? v/
e Easy to interpolate? ) ¢

99
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. [[E]] Euler angles

e Basic rotations

R,(¥)

Libin Liu - SIST, Peking Univers

Y

ity

AY

JRy(,B)
Ry(,B) —

N,
</
R, (a)

GAMES 105 - Fundamentals of Character Animation

CoS y
Rz(y) = | siny

1
R,.(a) = (O cosa —sin a)

0 sina CcCos

cos 8 O

sm,B
0
—sin 3 O Cos,B
—siny 0
cosy 0)
0 1
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. [|E]] Euler Angles

* Any rotation can be represented as a combination of three basic rotations

. .
101
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. [[E]] Euler Axes

* Any combination of three basic rotations are allowed

* Excluding those rotate twice around the same axis
e XYZ, XZY, YZX, YXZ, ZYX, ZXY, XYX, XZX, YXY, YZY, ZXZ, ZYZ

R,(72°)R,(45°)R,(60°) R, (69.2°)R,,(4.0°)R,(42.4°) 102
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. [|E]] Conventions of Euler Angles

intrinsic rotations: extrinsic rotations:
axes attached to the object axes fixed to the world

R, ()R, (B)R,(¥) R,(Y)Ry(B)Rx(a) 103
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B [5]] Gimbal Lock

* When two local axes are driven into a parallel configuration,
one degree of freedom is “locked”

Normal Situation Gimbal Lock

https://en.wikipedia.org/wiki/Gimbal_lock 104
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. [|E]] Euler Angles

Ry(a)Ry ()R (V)

3 parameters: a, S,y

12 variations: XYZ, XZY, YZX, YXZ, ZYX, ZXY,
XYX, XZX, YXY, YZY, ZXZ, ZYZ

Intrinsic/Extrinsic rotations

e Easy to compose? « But hard to create specific rotations

* Easy to apply? « Need three matrix multiplications

* Easy to interpolate? v/ Need to deal with singularities

e Gimbal lock % rotational speed is not constant
105
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. [IH]] Rotation Vectors / Axis Angles

 Axis angle (u, 8): represent a rotation using u
* A vector u: rotation axis 0
e Ascalar 0: rotation angle

106
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. [IH]] Rotation Vectors / Axis Angles

 Axis angle (u, 8): represent a rotation using u
* A vector u: rotation axis 0
e Ascalar 0: rotation angle

* Rotation vector: represent a rotation as

* 0 =0u
e Obviously:
C
=106 u= mar
107

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation




. [IH] Applying Rotation Vectors / Axis Angles

u

(u,6) or@

Rodrigues' rotation formula

x' = Rx

R =1+ (sin®) [uly+ (1 — cos ) [u]?

-
.-
Pt
-

or

~
~
~o R
~- e
_________

xX' =x+(inf)uxx+ (1 —cosf)ux (uxx)
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H|] Interpolating Rotation Vectors / Axis Angles

Linear interpolation

0, =(1—-1t)0,+tO,

109
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H|] Interpolating Rotation Vectors / Axis Angles

Linear interpolation

0, =(1—-1t)0,+tO,

e 0,isvalid VvV

 Constant speed? Not quite

110
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H|] Interpolating Rotation Vectors / Axis Angles

Compute offset rotation

R(80) = RT(HO)R(91)
50, = (1 —t)0 + té0o

R(et) — R(BO)R(59t)

e 0,isvalid VvV
e Constant speed v/

111
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. [IH]] Rotation Vectors / Axis Angles

(u,0) or0 = 6u

Representation is not unique

(w,0), (—u,—0), (u,0 + 2nmn)

* Easy to compose? «/ But hard to manipulate
e Easy to apply? X Need to convert to matrix

* Easy to interpolate? «/ Linear interpolation works, but not perfect
e No Gimbal lock v need to deal with singularities
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Quaternions
[1E]]

113
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. [IB[] Quaternions

* Recall: a 2D rotation can be represented as a complex

z=a+ bi =re'? €, i?=—1
7' = reilf+a) Im
A
— ela X rel@ 1
: z'=(d,b")
— ela 7 r
“ 2= wh
e How to deal with 3D rotation? 0 o
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. [IB[] Quaternions

* Extending complex numbers

z=a+ bi +cj+dk
i2=—1
je=-1,j#1i
k‘=—-1,k+1i,j

115
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. [IB[] Quaternions

* Extending complex numbers

q=a+bi+cj+dkeH,a,b,cdeR

l J | J l |
. ]k =i ki = —i
) <l on hs 16
[ ] ] I ] I ] o -V ";1115;3
e ki = J, ik = —]J B A floch o cont :
Sl the fundamental foramla or | S

Bl quaternion multiplication e

G 2 R le il

William Rowan Hamilton
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. [IE]] Quaternion Arithmetic

q=a+bi+cj+dkeH,ab,cdeR

Conjugation: q"=a—bi—cj—dk
Scalar product: tq = ta + tbi + tcj + tdk

Add|t|0n q1 + qz — (a]_ + az) + (bl + bz)i + (Cl + Cz)j + (d1 + dz)k

Dot product: d1°qz = a10a; + biby + c1¢; +dqd;

Norm: Iqll = Va2 + b2 +c2+d2=+q-q

117
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] Quaternion Multiplication

d1 4, = (a1 + bli + Clj + dlk) * (az + bzi + Cz_i + dzk)

q192 = a,0; — bib, — c1¢, — dqd;
+(b;a, + ab, —d c, + c1d,)i
+(cia, +dib, + a;c, — bid,)j
+(dia, — c{b, + b;cy, + a,d,)k

note:
« ?=jt=K?*=ijk=-1
* ij =k, ji =—k(*cross product)
e jk=ikj=-i
e ki=j,ik=—j

GAMES 105 - Fundamentals of Character Animation .
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] Quaternions

q=w+xi+yj+zk mp q=

N < R S
I
SHRS

g=[wv]' €H, weR,veR?
w = [w, 0]T : scalar quaternion

v = [0,v]" : pure quaternion

119
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] Quaternion Arithmetic

o
q=w+xi+yj+zk m) q= ; =[V£]
| Z
Conjugation: q = [w,—v]"
Scalar product: tq = [tw, tv]"

Addition: g1+ gy = [wy + w,, v1 + 1,7

Dot product: q1 - qz = WiW; + V1 -V

Norm: lqll =\/W1W2+V1'v2 = vq-q
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] Quaternion Multiplication

Wiw;, — V>
4192 = ] ] [leZ + W, D1 + V1 X 772]
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] Quaternion Multiplication

Wiw;, — V>
4192 = ] ] [leZ + W, D1 + V1 X 772]

Non-Commutativity:

9192 * 4291
Associativity:

919293 = (9192)q93 = q1(q293)
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] Quaternion Multiplication

Wiw;, — V>
4192 = ] ] [leZ + W, D1 + V1 X 772]

Conjugation: . . %
(9192)" = 929

Norm:
lqll* = q"q = qq
Reciprocal: .
=1 = 0=
q'q=1
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| Unit Quaternions

a="] lgll=1

For any non-zero quaternion q:

Reciprocal:

124
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| Unit Quaternions

w
— =1
q=[,] lal

N A unit circle A unit hypersphere

[, in 2D space in 4D space
unit complex number unit quaternion
z=cosf +isind 0 0

q= cosz,usmi lul| =1

125
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| Unit Quaternions

w V) 0
q=,|= [Cosi,usmi] lull = 1

u same information as axis angles (u, 6)
But in a different form

126
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] Unit Quaternions as 3D Rotations

Any 3D rotation (v, 8) can be
represented as a unit quaternion

A q = [W] = [cosg using]
v 4 2’ 2
6 Angle: 0 = 2argcosw
>
§ AXIS: u = L
. 14l
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] Rotation a Vector Using Unit Quaternions

: : w 0 . 0
Unit quaternion: q = [v] = [cos;,usm;‘

3D vector: p  Rotation result: p’

Then the rotation can be applied by
guaternion multiplication:

pl=alplo

128
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] Rotation a Vector Using Unit Quaternions

: : w 0 . 0
Unit quaternion: q = [v] = [cos;,usm;‘

3D vector: p  Rotation result: p’

Then the rotation can be applied by
guaternion multiplication:

[1(9)’] — 1 [2] q" = (-q) [3] (~q)"

g and —q represent the same rotation

129
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] Combination of Rotations

Unit quaternion: q, q»

3D vector: p

[0- _ ’O] i}
p' 91 p 91

[pO”: = q2 13'] 92 = q; (fh [2] Cfi) 92 = (4291) [2] (92q1)°

ofge

GAMES 105 - Fundamentals of Character Animation

130

Libin Liu - SIST, Peking University



] Combination of Rotations

Unit quaternion: q4, q> » Combined rotation: ¢ = g,q4

3D vector: p

[0- _ ’O] i}
p' 91 p 91

[pO”: = q2 13'] 92 = q; (fh [2] Cfi) 92 = (4291) [2] (92q1)°

ofge

GAMES 105 - Fundamentals of Character Animation
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] Quaternion Interpolation

q. =77

do q1

132
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] Quaternion Interpolation

a="] lgll=1

A unit hypersphere

in 4D space
133
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] Quaternion Interpolation

a="] lgll=1

A unit hypersphere

in 4D space
134
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] Linear Interpolation

q: = (1 —t)qo + tq,

e ———
- -~
- ~eao
- ~
- ~
P ~
-~ SS

- ~

.

’ N,
i AN
g q A
4
q ,I t \\\
foymm o == — — o o o
0 / \ q 1
4 > AY
’ \
1 \
1 \
1 \
1 1
1 \
1 1

1 1
1 1
1 1
1 1
L o

q. is nhot a unit quaternion
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] Linear Interpolation + Projection

—~

q. is a unit quaternion

Rotational speed is not constant
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] SLERP: Spherical Linear Interpolation

q: = a(t)qy + b(t)q,

137
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r=a(t)p + b(t)q
Consider the angle 8 between p,q: cosf =p - g

We have:
p-r=a()p-p+bt)g-p
= costf = a(t) + b(t)cosb

similarly

q-r=a(t)g-p+b()
= cos(1—t)8 = a(t)cosb + b(t)

then we have:

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation

] SLERP: Spherical Linear Interpolation
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] SLERP: Spherical Linear Interpolation

sin[(1 —t)0] sin t@
q: = qo +

q1

sin 6 sin @

cosf =qp - q1

——————————— S
,,/& 1 \;iss
\ /‘N: \ 7
’
\ I y \
uo /) \ | / \\ u1
\ 1 / ‘\‘
N \
\ ’ \
Ay }
v’ j
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. [IB[] Quaternions

Rotations can be represented by unit quaternions

q = [‘ﬂ = [cos%usin%‘

Representation is not unique

q, —q represent the same rotation

* Easy to compose? « Need normalization, hard to manipulate,
e Easy to apply? v/ Quaternion multiplication
* Easy to interpolate? / SLERP, need to deal with singularities
* No Gimbal lock v/
140
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Questions?

Libin Liu - SIST, Peking University GAMES 105 - Fundamentals of Character Animation



